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' Abstract 

Optical (or Robinson) structures are one generalisation of four-dimensional shearfree congruences of 
null geodesies to higher dimensions. They are Lorentzian analogues of complex and CR structures. In this 
context, we extend the Goldberg-Sachs theorem to five dimensions. To be precise, we find a new algebraic 
condition on the Weyl tensor, which generalises the Petrov type II condition, in the sense that it ensures 
the existence of such congruences on a five-dimensional spacetime, vacuum or under weaker assumptions 
on the Ricci tensor. This results in a significant simplification of the field equations. We discuss possible 
degenerate cases, including a five-dimensional generalisation of the Petrov type D condition. We also 
show that the vacuum black ring solution is endowed with optical structures, yet fails to be algebraically 
special with respect to them. We finally explain the generalisation of these ideas to higher dimensions, 
5-H , which has been checked in six and seven dimensions. 
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t^j- ! 1 Introduction and motivation 

Shearfree congruences of null geodesies or shearfree rays (SFR) have occupied a central position in classical 
^>0 general relativity, featuring in many important solutions to Einstein's equations, such as the Kerr black 

hole and pp- waves. For vacuum spacetimes, they also have the added property that their generator k a , say, 
is a repeated principal null direction (PND) of the Weyl tensor, or equivalently, that the Weyl tensor is 
algebraically special, i.e. of Petrov type II or more degenerate: 

k a k c C abc[d k e] = 0. (1.1) 

The converse is also true: the Goldberg-Sachs theorem (1962) states [GS09] that a vacuum spacetime admits 
a shearfree congruence of null geodesies if and only if its Weyl tensor is algebraically special. 

SFR can also be equivalently described from the perspective of complex geometry. Naively, one should 
think of them as arising from the real intersections of two-dimensional complex leaves of a foliation of 
'complexified' spacetime, which are totally null or degenerate with respect to the complexified metric. At 
each point along a SFR, the (two-dimensional) space orthogonal to its generator is then naturally equipped 
with a complex structure. More generally, if (M,g) is a (2m + e)-dimensional Lorentzian manifold, where 
e = 0,1, an optical (or Robinson) structure (Af,fC) on (AA,g) is an integrable m-dimensional complex 
distribution Af of the complexified tangent bundle, totally null with respect to the complexified metric, and 
which intersects its complex conjugate in the complexification of a real null line bundle C ® JC := J\f fl N . 
Sections of K. are tangent to null geodesies, and the fibers of the screenspace /JC are naturally equipped 
with a complex structure when e = 0, and with a CR structure when e = 1. In four dimensions, these null 
geodesies are shearfree, but not so in higher dimensions |Tra02b] . They nevertheless preserve the complex 
or CR structure on the screenspace. 

This aspect of SFR was instrumental in the discovery of the Kerr black hole [Ker63] . thanks to what 
is now known as the Kerr theorem [CF76j . Later, these ideas would play a central role in the genesis and 
development of Roger Penrose's twistor theory Pen67,PR86 . In general, the philosophy is to think of an 
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optical structure as a real manifestation of a null foliation of complexified spacetimc. For different choices 
of metric signature, the same null structure gives rise to different real geometries. For instance, a metric- 
compatible complex structure on a Riemannian manifold is determined by a null distribution. Nurowski 
and Trautman's description NT02 , Tra02a) of an optical structure as a 'Lorentzian analog of a Hermite 
structure' is particularly fitting in that sense. Further, the fact that the Goldberg-Sachs theorem was 
later generalised [KT621IH563llPH751IFB83llPR86|[SG97l|Apo98|IGHN10| to any real or complex (pseudo-) 
Riemannian manifolds - and under assumptions weaker than Ricci-flatness - testifies of the centrality of 
complex methods in the study of SFR in four dimensions. 

In recent decades, new theories of physics have made the study of solutions to Einstein's field equations 
in higher dimensions particularly relevant. The mathematics and physics communities have been engaged 



not only in generalising known four-dimensional solutions such as pp- waves [CMP + 03j . the Kerr black hole 
[GLPP051ICLP06] or the Kerr-Schild ansatz |OPP09bllOPP09aj to higher dimensions, but also in investigating 
the broader geometrical properties of higher-dimensional spacetimcs [CMPP04b, CMPP04a . To this effect, 
Coley, Milson, Pravda, and Pravdova have proposed a spacetime classification purporting to generalise the 
Petrov classification [CMPP04a,MCPP05,CP06,Col08 . In this setting, various attempts have been made to 
generalise classical results of general relativity to higher dimensions, with some measure of success PPCM04, 
IPP051IPra061IPPO07l[QPP07llPP08] . While the geodesy property of null congruences was successfully 1DR09] 
related to the Coley-Milson-Pravda-Pravdova (CMPP) classification of the Weyl tensor in higher dimensions, 
the shearfree condition does not appear to hold any particularly privileged place in more than four dimensions. 
In fact, it is established in [FS031 that the five-dimensional Myers-Perry black hole admits a pair of PNDs in 
the sense of equation but these are not shearfree, unlike its four-dimensional counterpart. In particular, 

a higher-dimensional Goldberg-Sachs theorem cannot be formulated along these lines. 

In contrast, there is strong evidence that optical structures still retain a central position in higher dimen- 
sions. An early step towards this is provided by the higher-dimenensional generalisation of the Kerr theorem 
by Hughston and Mason in [HM88 . More recently, Mason and the present author [MTlOj generalised a 
result due to Walker and Penrose iWP70j and proposed a higher-dimensional version of the Petrov type D 
condition distinct from that of the CMPP classification. To be precise, a conformal Killing- Yano (CKY) 
2-form on a (2m + e)-dimensional (pseudo-)Riemannian manifold (M.,g), in normal form, with generically 
distinct eigenvalues, and whose exterior derivative satisfies a certain condition, gives rises to 2 m integrable 
canonical null distributions. Further, the integrability condition of the CKY 2-form implies that the Weyl 
tensor must be degenerate on each of these null distributions and their orthogonal complements. The prime 
example of a solution characterised by such a CKY 2-form is the Kerr-NUT-AdS metric CLP06 . All these 
results seem to point towards a higher-dimensional generalisation of the Goldberg-Sachs theorem in the 
context of null distributions and optical structures. 

This motivates the following two questions, which this paper aims to answer: 



Given a five-dimensional spacetime (A4,g), does there exist an algebraic condition on the Weyl and 
Ricci tensor which guarantees the integrability of an almost optical structure (AT, JC)1 

Conversely, given a five-dimensional spacetime, vacuum or weaker, does the existence of an integrable 
almost optical structure imply the same algebraic condition on the Weyl tensor? 



We shall prove the following result. Suppose that the Weyl tensor and the Cotton- York tensor as defined in 
Appendix [5] satisfy 

C{X,Y,Z,-)=0, A(Z,X,Y) = 0, 

respectively, for all X,Y G T(A/'- L ), Z G T(Af). Then, assuming the Weyl tensor does not degenerate any 
further, the almost optical structure (AT, JC) is integrable. 

On the other hand, we shall show that the five-dimensional vacuum black ring ER0^ lERn6llEHN+07 



provides a counterexample to the converse, i.e. it admits an (integrable) optical structure but its Weyl tensor 
fails to be algebraically special relative to it. 

The structure of the paper is as follows. In the first section, we recall the basic definitions and properties 
of null and optical geometries in arbitrary spacetimes. While some of this material can already be found 
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in [NT 02 as far as the even-dimensional case goes, we have extended their approach to odd-dimensional 
spacetime. The integrability condition for an almost optical structure is then stated, and we use the Sachs 
equations in five dimensions to illustrate how the curvature obstructs the propagation of an optical structure 
along a null geodesic. 

In the second section, we give a definition of algebraic special spacetimes relative to an almost optical 
structure (Af,K), as a generalisation of the Petrov type II condition. In five dimensions, this is shown to 
imply that the eigenvalues of the Weyl curvature operator take on very simple expressions. Comparisons 
with the CMPP classification of the Weyl tensor and the De Smet classification of the conformal Weyl 
spinor are drawn. We then justify our choice of definition, by proving that provided the Cotton- York 
tensor is degenerate with respect to the optical structure, and the Weyl tensor satisfies some genericity 
assumption, then the algebraic speciality implies the integrability of (Af,IC). We then show how the Bianchi 
identity greatly simplifies for such spacetimes. This is followed by a discussion of more degenerate algebraic 
conditions on the Weyl tensor, including the Petrov type D condition. 

We end the section by a study of the five-dimensional vacuum black ring, which, we show, is endowed with 
optical structures, but fails to be algebraically special relative to them. In some regions, the null structures 
do not intersect in a real line bundle, but define a pair of CR structures. In the limit where the black ring 
becomes the Myers-Perry black hole with one rotation coefficient, these CR structures persist, and in fact, 
co-exist with a pair of optical structures. 

Finally, we conjecture that most of the results of the present paper can be generalised to higher dimen- 
sions, to arbitrary signatures, and to complex manifolds. The conjecture has already been verified in six and 
seven dimensions using Mathematica, and the results will be presented in a future publication [TCa . 

We have relegated the basic notational setup, including an analysis of the Weyl curvature operator for 
algebraically special spacetimes, together with the component forms of the Ricci and Bianchi identities to 
three appendices. Some of the equations therein were simplified by means of the symbolic computer algebra 
system Cadabra |Pee07a|lPee07b| . 
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Czech Republic, where the author is supported by an Eduard Cech Center postdoctoral fellowship. 

2 Preliminaries 

2.1 Optical structures 

Throughout, (A4,g) will denote a (2m + e)-dimcnsional (pseudo-)Riemannian manifold, where e G {0, 1}. 
Given a real (complex) subbundlc E of the (complexified) tangent bundle TA4 , the orthogonal complement 
of E with respect to the (complexified) metric will be denoted by E , and the space of sections of E by 
T(E). Denote by V the Levi-Civita connection. 

The definition of an optical structure in even dimensions is given in [NT02] . Here, we introduce the 
notion for odd-dimensional spacetimes, which may be described as a Lorentzian analogue of a CR structure. 

Definition 2.1 An almost null structure Af on M. is a complex subbundle of the complexified tangent bundle 
of A4, which is totally null with respect to the complexified metric, and has maximal rank, i.e. Af C Af 
and Af has rank to. We say that Af is a null structure, when Af is integrable in the sense of Frobenius, i.e. 

[r(A0,r(AA)] ciw 

The complexified tangent bundle is equipped with a natural reality structure, induced from an involutory 
complex-conjugation operation, denoted" which preserves the underlying real metric. The signature of the 
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real metric imposes restrictions on the possible reality conditions that an almost null structure can satisfy. 
This motivates the following definition and lemma. 

Definition 2.2 The real index of an almost null structure Af is the dimension of the intersection Af f)77. 

Lemma 2.3 ([KT92 ) Suppose that (Ai,g) is Lorentzian, and let Af be an almost null structure. Then, the 
only possible values of the real index r of Af are 

• r = 1 when e = 0, and 

• r = 0, 1 when e = 1. 

This allows us to make the following definitions. 

Definition 2.4 An almost optical (or Robinson) structure (Af,fC) on Ai is an almost null structure on Ai 
of real index 1, and K, — > Ai is the real null line bundle defined by A/" H AT =: C ® 1C. We say that (Af, Kf) is 
an optical (or Robinson) structure on A4, when both Af and its orthogonal complement Af 1 - are integrable, 
in the sense of Frobenius. The screen space of (Af, JC) is the rank-(2m — 2 + e) bundle K, 1 - /JC — > Ad. 

Remark 2.5 In even dimensions, there is some redundancy in the formulation of Definition 12.41 since in 
this case Af = Af . This remark applies to the subsequent definitions and results which also hold in even 
dimensions. 

The next proposition gives some properties of optical structures. We omit the proof, which can already be 
found in [NT02] in the even-dimensional case, while the odd-dimensional case is a straightforward extension. 

Proposition 2.6 Let (Af,K,) be an optical structure on Ai. Then, 

1. the integrable curves of the generators of JC are null geodesies; 

2. the flow of JC preserves the null structure Af and its orthogonal complement Af 1 - ; 

3. the screen space JC /JC is naturally equipped with a complex structure when e = 0, and with a CR 
structure when e = 1. 

From now on, we shall assume that (Ai,g) is a five-dimensional spacetime unless otherwise stated. We 
shall make use of the spin coefficient notation given in Appendix [AI which is a modified version of that of 
GPGLMG09 . We can always assume that the metric takes the form 

g a b = 2k( a £ b ) + 2m (a TO b ) + u a u b , 

where k a , l a and u a are real, and m a complex basis 1-forms. Indices are lowered and raised via the metric. 
This gives us two canonical almost optical structures (Afo,£) and (Afi,K), where 



When no ambiguity can arise, we shall drop the subscript on Afo and Afi . The following lemma is an easy 
application of the commutation relations (|A.2|) . (|A.3[) and (|A.7I) . 

Lemma 2.7 Let (Af,lC) be the almost optical structure defined above. Then 
• Af is integrable if and only if 



Af = span{r, fh a } , 
Afi = span{fc a , rh a } , 



C = span{r} , 
fC = span{fc a } . 



k = a = , 



x = i>, 



(2.1) 
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• both Af and Af 1 - are integrable if and only if 
K = <7 = / r =<^ = x = ^/> = 77 = 0. 



(2.2) 



Remark 2.8 The conditions k = p = is equivalent to k a being geodetic. Hence, the lemma tells us that 
the integrability of Af only is not sufficient to guarantee the geodesy of k a , while the integrability of both Af 
and Af x is. 

Remark 2.9 Optical structures, or more generally null structures, can be conveniently expressed in terms 
of pure spinor fields |Car8f| . Roughly, a spinor field £ on a (pseudo-) Riemannian manifold (A4,g) defines 
a totally null distribution Af% on the complexified tangent bundle TA4 , given by 

Aft := {X £ r(C® TM)\X ■£ = 0} , 

where the • denotes the Clifford action. When Af$ is maximal totally null, then £ is said to be pure. One can 
then talk of the real index of a pure spinor field in the obvious way. An optical structure (A/", Kf) can then 
be defined by a pure spinor field (up to scale) of real index f , which satisfies the integrability conditions 

Y-(Vx£) = 0, and X ■ Y ■ (V z £) = , 

for all vector fields X, Y e T(Af^), Z £ T(Af^~), and where V denotes the spin connection induced from the 
Levi-Civita connection. Sections of K, can be expressed as the tensor product of £ and its conjugate. We 
shall avoid the use of spinors in this paper, and the reader is referred to the literature for further details 
[Uar81llPMlPRMllHM88[ITO^ . 



2.2 Integrability conditions on the Weyl conformal tensor 

The existence of an optical structure on a Lorentzian manifold is subject to integrability conditions on the 
Weyl tensor as given by the following proposition. 

Proposition 2.10 Let (A4,g) be a Lorentzian manifold endowed with an almost optical structure (Af,K,). 
If Af and Af 1 - are integrable, then the Weyl tensor satisfies 

C(X,Y,Z,W)=0, (2.3) 

for all X,Y e T(Af- L ) and Z ,W e T(Af). 

We omit the proof, which is already given in |MTf 0] for the complex even-dimensional case, the odd- 
dimensional case being similar. 

In four dimensions, condition (|2.3[) is equivalent to the Petrov type I condition. While it is always satisfied 
in four dimensions, in the sense that one can find an almost null structure such that at least one of the five 
components of the Weyl tensor vanishes, condition (|2.3p is non-trivial in higher dimensions. This makes 
it somewhat more 'special' than in four dimensions, but we shall reserve the term for a stronger algebraic 
condition defined later. 



Sachs equations The integrability condition ()2.3|) can also be read off directly from the Sachs equations, 
which can be obtained from the Ricci identity by choosing a parallely transported frame along the affinely 
parametrised null geodesic generated by the vector field k a . Here, we present a subset of these equations in 
the five-dimensional context by setting e = « = p = 7r = x = L i = 0in the Ricci identity given in Appendix 

m 



Da = -77V - po- - pa + * , (|BT8j) 

Di/j = -i/jp-ipa-ip 3 + y%, (iBTOl) 

D(j> = — <£if) — (pp — av + ^03 j (1B.I2|) 

Dif = -r)p -fja-r)3 + V%. (|B.34|) 
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It becomes apparent that ^>o, an d ^03 are obstructions to the propagation of the CR structure of IC^/JC 
along the geodesic, and this, independently of the Einstein equations. 

3 Algebraically special spacetimes 

The integrability condition (|2.3p is not sufficient to guarantee the existence of an optical structure on a 
manifold. In four dimensions, the Goldberg-Sachs theorem, however, tells us that a vacuum four-dimensional 
spacetime admits an optical structure if and only if it is algebraically special, i.e. it is at least of Petrov type 
II. In five dimensions, we first define which condition an 'algebraically special' spacetime should satisfy, and 
we then demonstrate that it naturally leads to a partial generalisation of the Goldberg-Sachs thorem in five 
dimensions. 

3.1 A higher-dimensional version of Petrov type II spacetimes 

Here, we introduce an alternative characterisation of the algebraic speciality of the Weyl tensor, which we 
shall argue in the next section generalises the Petrov type II condition. 

Definition 3.1 Let (A4,g) be a Lorentzian manifold endowed with an almost optical structure (Af,IC). We 
say that the Weyl tensor is algebraically special (relative to Af) if it satisfies 

C(X,Y,Z,-)=0, (3.1) 

for all X,Y € T(Af ± ) and Z € T(Af). If in addition, the Weyl tensor does not degenerate any further, we 
say that the Weyl tensor is generically algebraically special. 

Reexpressing the above conditions in the five-dimensional Lorentzian context using the five-dimensional 
Newman- Penrose spin coefficient formalism of Appendix \K\ we have 

Lemma 3.2 Let (A4,g) be a five- dimensional Lorentzian manifold. Then, the Weyl tensor is algebraically 
special if ond only if 

*o = K = *os = = = = = *S 3 = *1 3 - *? 3 =*u = 0. (3.2) 

Jordan normal form of the Weyl curvature operator In four dimensions, algebraically special space- 
time are equivalently characterised by the eigenvalue structure of the Weyl curvature operator, i.e. the Weyl 
tensor viewed as an operator on 2-forms or bivectors. More precisely, the Weyl tensor is algebraically special 
if its corresponding operator has a repeated eigenvalue. Recently, this approach has been considered for 
higher-dimensional spacetimes [HC10, CHlOa, CHlOb . In particular, it was found that the Weyl operator 
of a five-dimensional spacetime of CMPP type II has at least three eigenvalues of (at least) multiplicity 2 
[CHlOaj . Here, we assume the stronger condition that the Weyl tensor is generically algebraically special 
relative to an almost optical structure. Details of the following results are relegated to Appendix [Al 

Proposition 3.3 Let (M.,g) be a five- dimensional spacetime, and suppose that the Weyl tensor is generically 
algebraically special relative to an optical structure Af '. Then, the Weyl curvature operator C a ^ has Segre 
characteristic [222(11)11] with eigenvalues 

*2, *2, *2, ~*2, -(*2 + * 2 ) + ^(*2 - * 2 ) 2 + (*g) 2 , ~(*2 + * 2 ) ~ ^ (*2 ~ * 2 ) 2 + (*§) 2 , 

respectively. Further, the 3-forms and 2-forms annihilating Af and AT ± respectively are eigenforms of C a ^ . 
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It is also worth mentioning that this Jordan normal form does not imply the algebraic condition (|3.ip : 
if we weaken this condition by assuming ^14 ^ 0, the Weyl curvature operator has the same Jordan normal 
form and eigenvalues as the algebraically special case. Some properties of its eigenforms are pointed out in 
Appendix [5] 

Finally, computations have shown that assuming fewer vanishing components of the Weyl tensor does 
not lead to such concise expressions of the eigenvalues. 

Relation to the CMPP classification Roughly, the idea behind the CMPP classification of the Weyl 
tensor is that spacetimes are classified according to the vanishing of components of the Weyl tensor of a 
given boost weight CMPP04a . According to this scheme, the Weyl tensor of a CMPP Type II spacetime 
has vanishing components of boost weights 2 and 1. While in four dimensions, this agrees with the algebraic 
conditions given in the present paper, it is clear that in five (or higher) dimensions, neither the integrability 
condition (|2.3p for an almost optical structure Af, nor the algebraic speciality (13.11) of the Weyl tensor relative 
to it, fits into the CMPP classification. This can be inferred directly from Table [2] of the appendix. The 
algebraic speciality implies the vanishing of not only all components of boost weights 2 and 1 (^0, ^q, ty®, 
^03j ^1, ^1, an d V&i), but also of three components of boost weight (^i 3 , ^} 3 , and ^i 3 ), and one of boost 
weight —1 (^14). Thus, a spacetime algebraically special with respect to an almost optical structure is a 
stronger condition than the CMPP type II condition. 

Relation to the De Smet classification The De Smet classification of spacetimes was first proposed 
in |DS05 ! as a generalisation of the classification of the Weyl conformal spinor to five dimensions. The 
classification was more recently refined in [GodlOj . where reality conditions on spin space are taken into 
account. We recall that the Weyl tensor in four and five dimensions can be viewed as a totally symmetric 
element $ abcd of the spinor algebra. In four dimensions, one can always express the Weyl conformal spinor 
as a symmetric product of spinors. However, this is not always the case in five dimensions. In the De Smet 
classification, spacetimes are categorised according to the factorisibility of ^ abcd- This procedure imposes 
stringent algebraic conditions on the Weyl tensor, and the geometry of algebraically special spacetimes in the 
sense of De Smet may be excessively restrictive, as some examples in [GodlOj show. In fact, an algebraically 
special spacetime relative to an optical structure can still be algebraically general in the sense of De Smet. 
The point will be illustrated by Example 13.121 and Remark 13.131 below. 

3.2 A five-dimensional Goldberg-Sachs theorem 

We now come to the main result of the paper. The Cotton- York tensor is defined in Appendix |A1 

Theorem 3.4 (Partial five-dimensional Lorentzian Goldberg-Sachs theorem) Let(AA,g) be a five- 
dimensional Lorentzian manifold, and (Af, K,) an almost optical structure. Suppose that the Weyl tensor is 
generically algebraically special relative to Af , and the Cotton-York tensor satisfies 

A(Z,X,Y) = 0, (3.3) 

for all X ,Y £ T(Af ± ), Z € T(Af). Then, the almost optical structure (Af,K.) is integrable. 
Proof. By assumption, the Weyl tensor satisfies relations Q3.2p . and the Cotton- York tensor 

Ai 12 — A110 = A120 = A212 = A220 = . 

By the genericity assumption, no other components of the Weyl tensor vanish identically except possibly at 
isolated points. This reduces parts of the Bianchi identity given in Appendix [C] to the following algebraic 
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equations: 



= cr^ + 3cr* 2 - k^I (JET]) 

= k^° 2 - 3k* 2 (EH 

= (-X + 2^)¥§ + + (x + V0*2 - f*3 - «*3 (El 
= 0*2 - 0*2 + + (-2X + V>)*3 + (X + ^)*3 - F*4 + 2(7*2 + ^2 

0=-p*2 + F*2 (IClOl) 

= (2 X - V0*° - X*2 + (-X - ^)*2 - F*3 + F*3 - 2k* 2 + K * 2 (lOTTl) 

= (-77 + 2^)*° + (-x - 37? + V^)* 2 + (X + V0*a - F*3 ~ F*3 - 2k* 2 ~ «* 2 

= F*2 + F*2 (10281) 

= 0*°- 0* 2 + k*° + (-2x - ??)*3 + (x + V0*3 - F*4 + <x*3 (10291) 

= (2x + 77)*° + (-x - 37/ + V)* 2 + (-X - ^)*2 - F*3 + F*3 - 2k* 2 ; + K * 2 (IO301) 

= -2/t*?, (IC321) 

= 2a*o _ 2fi .^,i (IU331) 

0=(x-?7)*^ + (-X-377)*2-F*3-2^ (EMJ) 

= 0*^- 0*2 + (-77 - ?A)*3 - 2ct* 2 (IU361) 

0= (77 + '0)*2 + (-3t7 + ?A)*2 (IC371) 

We now show that the connection components satisfy relations (|2.2[) . 

• From equation (|C32|) . one obtains k — immediately. 

• It follows from equation (|C.33j) that <7 = 0. 



• By the genericity assumption, we have that p = by equations (|C.10[) or (|C.28|) . 

• Now, (E35l) + (IC371) - - gives = -677*2, i.e. 77 = 0. 

• Hence, from equations ([035]) . ([C37| . ([C18]) and ([CTTTj) again, we deduce x = ?/> = 0. 

• Finally, any of equations (|C.9|) . (|C.29|) or (|C.36|) yields = 0. 

At this stage, we observe that the condition on the Weyl tensor is frame independent as can be seen from 
the gauge transformations given in Appendix [XJ Hence, all the required connection components are zero in 
any null frame. □ 
Before we proceed, a number of remarks are in order. 

Remark 3.5 There arises the issue of whether the algebraic speciality (|3.3I) is the mininum condition which 
guarantees the existence of an optical structure. So, suppose that *i4 7^ (and for simplicity we maintain the 
same condition on the Cotton- York tensor), which by gauge invariance, is the only next weakest assumption 
possible. Then, the only algebraic equation involving is 

= 0*^-0*2 + (-77- ?/>)*3 + 3*14 -2(7*^. (IC361) 

In particular, cannot vanish unless 3 vanishes itself, which is impossible under our assumptions. We must 
thus conclude that any weaker condition on the Weyl tensor will not guarantee the integrability of the optical 
structure, i.e. the integrability of both Af and Af- 1 . In fact, it can be checked that weaker conditions (such 
as the one we have just considered) may guarantee the integrability of the null distribution A^, but not its 
orthogonal complement Af- 1 . 
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Remark 3.6 As pointed earlier, the weaker condition given by *i4 ^ still implies a very simple eigenvalue 
structure of the Weyl curvature operator C a ^ . In the light of the previous remark, there thus appears to be 
an affinity between the integrability of Af and the Jordan normal form of C a @ . 

Remark 3.7 It is worth noting that the assumptions of Theorem p.4[) are conformally invariant: if Theorem 
(|3.4p holds for a frame, then it will also hold for another one conformally related to the first one. To see the 
conformal invariance of the optical structure, suppose for definiteness that each basis 1-form is rescaled by 
a positive factor J7. Then, denoting the connection components relative to the rescaled by a", we have 

and the invariance of the integrability follows. The conformal invariance of the theorem itself is less straight- 
forward, but can be checked from the tranformation laws of the Bianchi identity. This property is well-known 
in four dimensions PR86,GHN10 , and we defer its generalisation to higher dimensions for a future publi- 
cation |TCa| . 

We end this section by another aspect of the Goldberg-Sachs theorem, whose proof is a straightforward 
modification of that of Theorem I3.4I 

Proposition 3.8 Let (Ai.g) be a five-dimensional Lorentzian manifold, and (Af,!C) an optical structure. 
Suppose that the Weyl tensor is algebraically special relative toM. Then, the Cotton-York tensor satisfies 

A(Z,X,Y) = 0, 
for all X,Y e T(Af ± ), Z e T(Af). 

3.3 Simplification of the Bianchi identity 

As a consequence of Theorem I3.41 the Bianchi identity for an algebraically special spacetime simplifies 
considerably. Here we record some of the most notable equations, which present an elegant simplicity: 



D^ 2 = -A ni - A 21 - 2 - p¥° - 3p* 2 (ICl4l 

(5* 2 = A li2 - A 222 - t^ q 2 + 3r* 2 - pvj/i (IUT51) 

j* 2 - A li0 + A 220 + (9 - v)V° 2 + (9 + w )* 2 + (2p - JC3D 

D¥> = -A ow - A ui - 2 3 *° - 3 * 2 - 3 # 2 jC3Z} 

= -A020 + A li2 + (-a: + 2t)* 2 ' + <e* 2 + P*3 - 3*3 (IC301) 

D^ 3 = -A 2li + (-2tt + 2t)^° 2 - as9 2 + <e* 2 + (-26 - j)*3 - 3*3 (ICl8l) 

S^l = A 2i2 - 2A* 2 l + (-2«e -2a + 2r)*J + - 3*4 (|C3T|) 

D^ 2 3 = A ml + (h - 9)*° + (h - u)tf 2 + (-9 + w)* 2 + (-e - e - 2p)V 2 3 - pV* dC^2l) 

«S§2 = _ Aoi2 + (_ 2iJ + ^0 + (cj + ^ + ^ 2 + p ^o + (9 _ 2v + -^1 (ICT241) 

+ (-9 + i;)* 3 + (-a-[3 + 2t)^1 - 
We also have the following equations, which do not depend on the derivatives of the Weyl tensor components: 

= -A 12 2 + (2p-2p)*°-3* 2 + 3* 2 JC32]) 

= -A)22 + (-U + W)*2 + - S)*2 + (-? + U)* 2 + (0*3 - . (|C.23|> 

Further equations can be derived, such as 

= -A) 20 - A12 + (« + 2 ^)*2 - ^*2 + (2p - 3 )*3 . (3-4) 
which is given by adding equation (|C.50|) to equation (|C53|) . 
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3.4 Further degeneracy of the Weyl tensor 



In four dimensions, it is well-known that further algebraic specialities of the Weyl tensor (Petrov types D, 
III, and N) together with appropriate conditions on the Cotton- York tensor still guarantee the integrability 
of an almost optical structure. In this section, we briefly consider what stronger algebraic conditions on the 
Weyl tensor imply for the connection components. We start by the following remark: 

Remark 3.9 From the proof of Theorem l3.4[ one can see that only the assumption that the components *2 
and *2 °f the Weyl tensor be generic, and in particular non- vanishing, is needed, and none of the remaining 
components (*3, $3, ^3,^3,^4,^4) play any part in the vanishing of the connection components. 

3.4.1 Five-dimensional generalisation of Petrov type D spacetimes 

In four dimensions, Petrov type D vacuum spacetimes are characterised by the existence of two distinct 
integrable optical structures. In [M T10] , it is argued that a (2m + e)-dimensional generalisation of the Petrov 
type D condition should also give rise to 2 m distinct optical structures. Recall that on a five-dimensional 
spacetime where the metric has the form 

g a b = 2fc( a £fe) + 2m (a m fc ) + u a u b , 

one can canonically define two almost optical structures (Ao, C) and (A/i, K.), where No := span{£ a , m a } and 
Wi := span{/c a , m a }. From Remark 13.91 we know that if all the components of the Weyl tensor vanish with 
the exception of *2 and *2, then (Ni,JC) is integrable. But by symmetry, (Nq,C) must also be integrable. 
We have thus proved the following corollary to Theorem 13.41 

Corollary 3.10 Let (Ai.g) be a five-dimensional Lorentzian manifold, and (Nq,£) and (N±,1C) be the 
almost optical structures defined as above. Suppose that the Weyl tensor and the Cotton-York tensor satisfy 

C(X,Y,Z,-) = 0, A(Z,X,Y) = 0, 



for all X , Y" £ T(N^~), Z £ T(Ni), for each i = 0,1, and that the Weyl tensor does not degenerate otherwise 
(i.e. generic *2,*2 Then, the almost optical structures (Nq,C) and (Ni,fC) are integrable. 

In this case, the Bianchi identity simplifies drastically: 

L>* 2 = -A nl - A 21 2 ~ p*2 ~ 3p* 2 (ICTT1) 

m 2 = A m - A- 2l 2 - - 3^*2 EH 

<5* 2 = A li2 - A222 - r*° + 3r* 2 (IOT5l) 

(5*2 = A- m + A222 - 7T*2 + 3tt* 2 (jUJl) 

(5*2 = A iw + A220 + (h - v)^°2 + (h + u)* 2 (IC3T1) 



D*° = -A010 - A ni - 2 3 *° - 3*2 - 3*2 E33) 

-D*° 2 = A oio - A m + 2p* 2 1 + p* 2 + p* 2 (IC341) 

-S^2 = -A 20 ~ ^222 + 2 «*2 ~ - «*2 (|C.53|) 

(5*0 = -A ll0 - A iw + (h + 9 + v + u)*° + \{\ + 9-v- 0)(* 2 + * 2 ) (3.5) 
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where equation (|3.5p can be obtained from equations (|C.38|) and (|C.44|) . Other relations can be obtained 
using the following equations 

= A, 2 2 + (V - t?)*§ + (h - V)^ 2 + (-h + V)^ 2 (IC131) 
= A)ll + Pi - 9 )*2 + (h - W)*2 + (-9 + W)*2 dSll 
= -A 02 2 + (-U + 0)*° + (9 - 0)* 2 + (-7 + W)* 2 (IH^3l) 

= - J 4 2li + (-27f + 2r)*°- <£* 2 + <£# 2 (10481) 

= -A 12 2 + (2p-2p)*°-3* 2 + 3 f 2 fCT]) 

0= -A l22 + (-2/i + 2/2)*5+P*2-p*2 (IC351) 

When the Einstein equations are imposed, the Cotton- York tensor vanishes and these equations acquire an 
even simpler form. 

Remark 3.11 Evidently, whether the Weyl tensor is algebraically special with respect to (N\,K.) only, or 
to both (Ao,£) and (A/i,/C), the eigenvalues of the Weyl curvature operator remain the same. In the latter 
case, the Segre characteristic becomes [(11)(11)(11)(11)(11)11]. 

Example 3.12 (Five-dimensional (Lorentzian) Kerr-NUT-AdS black hole) The five-dimensional 
(Lorentzian) Kerr-NUT-AdS black hole metric can be cast in the form 



a 



29 1 1 + 26» 2 0^+e°®e° 



where the basis 1-forms {9 1 , 9 , 6 2 , 9 2 , e } are given by 

9 1 := -J= (-dr + Q (d^ + y 2 d<p) ) , 9 2 := -L (idy + P (dif> - r 2 dcb) ) , 

±=(dr + Q(di> + y 2 d<f)) , e°:=^ 



9 1 := -L= (dr + Q(dif; + y 2 d(f>)) , e° := ^ (d^ + (y 2 - r 2 )d<j> - y 2 r 2 d X ) 



and 



Q:=-, X := -ar 2 + br 4 - — -2A, U := y 2 + r 2 , 

U r z 

P-=\, Y :=ay 2 + by 4 + -^-2B, V := —(y 2 + r 2 ) . 

Here, a and c are constants related to the angular momenta of the black hole solutions, b is related to 
the cosmological constant, and A and B are the mass and NUT parameters. It is shown [MTlOj to be 

algebraically special relative to the two optical structure^ J\f = 2 j an d A/"i = {9\, 9 2 }■ Hence, it has 

only two non-vanishing components, which are found to be 

M, -of A V) ( r ~^ 2 , T ,0 _n (A-B) 

2 ( V+r 2 ) 3 ' * 2 -\y 2 +r 2 ) 2 - 

At a glance, one notices that 



*° = y/v 2 * 2 ■ (3.6) 

This relation in fact implies that the Weyl conformal spinor ^abcd can be factorised into the square of a 
symmetric 2-valent spinor in normal form, i.e. it is of De Smet type (2, 2). 

Remark 3.13 It is clear from this example that the Kerr-NUT-AdS metric is only one of many possible 
metrics of 'Petrov type D'. Weakening the relation (13.61) should lead to new families of five-dimensional 
metrics, which are not algebraically special in the sense of De Smet. 



1 Here, the basis vector fields are denoted by a subscript. 
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3.4.2 Other assumptions 

Further degeneracy of the Weyl tensor will not guarantee the integrability of the optical structure in general. 
We shall make no attempt to give a complete study of every case in this paper, but we shall briefly comment 
on four cases to illustrate the situation: 

• By a slight alteration of its proof, one can demonstrate that Theorem 13.41 remains valid under the 
stronger assumption that either ^2 or H>® vanishes. Such assumptions may lead to the vanishing of 
more connection components if more components of the Cotton- York vanish (this can be seen directly 
from the simplified Bianchi identity). 

• Assuming further \J/ 2 = ^2 = and, for simplicity, Ricci-flatness, and no other components vanishing, 
one can show that this does not put the connection component <fr under any algebraic restriction, and 
thus the orthogonal complement of the null distribution itself may not be integrable. However, enough 
connection components vanish to conclude that the null distribution remains integrable. 

• Choosing ^2 = ^2 = ^3 = ^3 = ^3 = an d Ricci-flatness, one checks that there are no algebraic 
equations involving either </> or x, and so the null distribution is not necessarily integrable. 

• At the other extreme, one can consider the case of a vacuum spacetime, where all components of the 
Weyl tensor vanish except for ^3. One can show that such spacetime must be of De Smet type (11. 11). 
i.e. its Weyl tensor is solely determined by a spinor field. As explained in Remark l2.9[ this spinor field 
also defines a null distribution of real index 1 of the complexifed tangent bundle, and hence an almost 
optical structure (J\f,K). This is one of the cases studied in |GodlO) . The Bianchi identity then tells 
us that not only does the spacetime admit an optical structure (i.e. equations (|2.2I) are satisfied), but 
also the congruence of rays generated by K is divergence-free (5 = p = 0, i.e. V a fc a = , for any 
k a e T(/C)), and v-v = 0. 

4 Optical structures and the black ring 

4.1 An algebraically general spacetime admitting optical structures 

While we have shown that there exists an algebraic condition on the Weyl tensor, which guarantees the 
existence of an optical structure in five dimensions, we now use the black ring solution found in |ER02| as a 
counterexample to the converse. 

The five-dimensional black ring metric takes the form 



g = 29 1 6 1 + 26 2 0^ + e°®e°, 



where the basis 1-forms {9 1 , 1 , 2 , 2 , e } are given by 




and 



F(0 := 1 - AC 



g(o .= (i-aa-K). 
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Here, R, A and \i are positive constants with A, v < 1. 

In terms of the dual basis of vector fields \6\, 61,62,62, eo}. the canonical distributions 

Ml := span{0i, %} , A/a := span{0j, 2 } , 

A/o := span{6>j, 2 } Ma : = span{0i,0 2 } , 

are maximal totally null. Depending on the range of x and y, the basis 1-forms may be real or complex, and 
accordingly the eigenvalues of the metric will change signs [PP05] . For specificity, we shall consider only the 
following two regions: 

A := {(a,y,^,t) : -1 < x < l,y < -1} , B := {(x,y,cf>,tp,t) : -1< x < 1 , \ < y < £} . 
In both regions, the metric is of Lorentzian signature. Then, 

• in region A, we have eo = — eo, A/7 = M and A/o = M2, so that Mo and Ml are of real index 0. 

• in region B, eo = eo; M" = M2 and A/o = M, so that Mo and Ml are of real index 1, and thus define 
two distinct almost optical structures. 

Now, computing the structure equations gives 



V 2V2i?^(x)^(y) 2V2i?v^F(^)F(y)/FM V ^ 



, Xv(x-y)*y/G(x)y/G(yj g2 A ^ 2 
1 Ry/F(x)y/F(^F(y)y/G^) 



d0 i = f VGR(2f (x) + A(x - y)) ^ 2 
I V2RF(x)F(y) 



^y) ( 2Giy)+ * G{y)ix _ y) )el} A 8\ 



2V2Ry/F(x)^F^)G(y) \ dy 



' ' -2G(a;).F(aO + — G(a;).F(aO(a; - y) + AG(s)(a; - y) ) 2 I A 6 2 



2V2RF{y)F(x)^/G{x) \ dx 

and similarly for 6 1 and 8 2 . By the dual form of the Frobenius theorem, one therefore sees that both 
distributions Mo and Mi and their orthogonal complements (M))" 1 and (Ml)" 1- are integrable. Hence, 

• in region A, Mo and Ml define two distinct CR structures; 

• in region B, Mo and Ml define two distinct optical structures. 

Remark 4.1 The structure equations tells further us that the basis 1-forms 6 , 6 1 , 6 2 and 6 2 are hyper- 
surface orthogonal. Specialising to the case where Mo and Ml are of real index 0, one can then introduce 
complex coordinates z and w defined by 

A ^IKa ±WA A JEMa 

dz := — dx + id(p , dw :— — - dy + mip . 

G{x) G(y) 

The case where Mo and Ml are of real index 1 is similar except that one obtains one complex coordinate, 
and two real null coordinates. 
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It is however well-known that the black ring metric is generically of CMPP type I,;, and algebraically 
general in the De Smet classification |PP05l lGodlO| . In fact, a Maple computation shows that the Weyl 
tensor is not algebraically special with respect to any of the null structures. In the notation of Appendix [Al 
and restricting ourselves to region B, we find 

*0 = *g = *03 = = *4 = *4 = *14 , (4.1) 

which are none other than the integrability conditions for the optical structures (Afo,C) and (Ai,/C). In 
addition, the remaining vanishing components lead to the relations 

*2 = *2, = *3 = *3, *13=-*13, (4-2) 

i.e. some components of the Weyl tensor that are generically complex satisfy some reality conditions. 



4.2 A five-dimensional spacetime with eight null structures 

In four dimensions, the maximal number of optical or null structures that a non-trivial spacetime can admit 
is in which case the spacetime is of Petrov type D. In [MT10 , we argued that the generalisation of 

Petrov Type D spacetimes in (2m + e) dimensions is characterised by the existence of 2 m null structures. 
Here, we show that a five-dimensional spacetime may admit more than four null structures. 

It is shown in [ER06] , that setting A = 1 in the black ring metric, one recovers the five-dimensional 
Myers-Perry black hole with only one rotation coefficient. In this case, one can choose [PP05] 

k ± ._ 1 f vyx -y + vx + l- 2vy R d _ d 

(x 2 — 1)(— 1 + vy) \ x — y dt dijj 



± 



vx — 1 ( d y — 1 d 



(x — y)(y — 1) \dx x 2 — 1 dy 



which turn out to be Weyl aligned null directions (WAND) for the Weyl tensor. Now, it is shown in [MT10 
that both WANDs k + and k are sections of two real null lines bundles JC + and 1C~ determined by two 
independent optical structures (A/' ± ,/C ± ), (i.e. null distributions of real index 1). But it is clear that the 
null structures Afo and Afi of real index 0, which we discovered in the generic black ring, subsist in this limit. 
In fact, in terms of the null basis, one has 



VT^(x + l)(x-y) V2^/(l-x 2 )(x- y y 



T - 7= — , I Vl — vx =F iv/ vTx — y) ) 0\ 

^ V2^(l-x){l- V y)(x-yf{x + l) V ^ VV 

RVy 



T i= , = [y/l-vx±iJv{x-y)) 9; . 

Therefore, the five-dimensional Myers-Perry black hole with one rotation coefficient admits two pairs of 
conjugate null distributions (Af , A/* ) of real index 1 and another two pairs of null distributions (Afo , Af% , 
■A/2, A/12 ) of real index 0. 



5 Conclusion and outlook 

We have introduced the notion of an optical structure (AT, K.) on odd-dimensional spacetimes, and we have 
proposed an algebraic condition on the Weyl tensor, which generalises the Petrov type II condition, and we 

2 Here, we have counted complex pairs of null structures as two distinct null structures. 
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have shown that in five dimensions, the corresponding Weyl curvature operator admits a remarkably simple 
Jordan normal form. This definition is justified by Theorem l3.4[ which extends the celebrated Goldberg-Sachs 
theorem to five dimensions. To be precise, an algebraically special spacetime with respect to Af, provided 
the Cotton- York is degenerate on Af, is generically endowed with an optical structure. As a result, the Ricci 
and Bianchi identities simplify considerably, which should open up new avenues leading to the discovery of 
five-dimensional solutions to Einstein's field equations in a systematic fashion, as in the four-dimensional 
case [SKM+03| . 

Further, we have briefly highlighted that stronger algebraic conditions on the Weyl tensor, which includes 
a five-dimensional 'Petrov' type D condition, may or may not ensure the integrability of an almost optical 
structure. It would be interesting to conduct a comprehensive study of these special cases. 

It is also worth emphasising that the existence of an optical structure on a spacetime guarantees the 
existence of complex coordinates on the null foliation of complexified spacetime. It is anticipated that under 
certain conditions these coordinates could provide suitable (semi-) complex coordinates on the real spacetime, 
thus reducing the number of independent components of the metric. 

While Theorem 13.41 is stated and proved in the context of five-dimensional spacetimes, the underlying 
geometry is more easily formulated in terms of null distributions in the complexification. In fact, we have 
checked using Mathematica that the above theorem does hold in the complex case too. More generally, the 
following conjecture has been verified to be true in dimensions six and seven. 

Conjecture 5.1 Let {M,g) be a (2m + e)- dimensional complex Riemannian manifold. Let Af denote a 
maximal totally null subbundle of the tangent bundle, i.e. Af C Af and Af has rank m. Suppose that the 
Weyl tensor and the Cotton- York tensor satisfy 



respectively, for all X ,Y G Af and Z £ Af. Then, assuming the Weyl tensor does not degenerate any 
further, the distributions Af and Af ± are integrable in the sense of Frobenius, i.e. 



As in the five-dimensional case, there are real versions of the conjecture, which can be obtained by taking 
appropriate real slices. In a forthcoming paper [TCbj . we shall lay out the details of the conjecture together 
with a proof for the six- and seven-dimensional versions of the theorem. 

We have also shown that the five-dimensional black ring admits optical structures in certain regions of 
spacetime, and integrable null distributions of real index in others. Yet, this solution is not algebraically 
special. This counterexample thus invalidates the converse of Theorem l3.4[ in contradistinction to the four- 
dimensional case. We also pointed out that the Kerr black hole limit of the black ring solution retains the 
integrable null distributions of real index 0, while gaining a pair of optical structures. It would then be 
instructive to determine which geometric properties differentiate optical structures that are algebraically 
special, from those that are not. While not every optical structure can be obtained from Theorem 13.41 alge- 
braically special spacetimes should nevertheless provide a wide class of solutions admitting optical structures. 
In [TCaj , we study a special class of higher-dimensional Kerr-Schild metrics 

9ab = Vab + 2Hk a k b , 

where rj a b is the flat metric, H a function, and k a is a real null geodesic vector field defined by an optical 
structure (Af,lC). It turns out that such metrics are algebraically special with respect to (Af,K.). 

A Setup and notation 

In this appendix, we set up the notation used throughout this paper. We essentially follow and extend the 
index notation and the spin coefficient convention of |PR84) . While we have avoided the use of spinors, 
our notation is inspired by [GP GLMG09 . which is an extension of the Penrose- Newman formalism using 
four-spinor calculus in five dimensions. There are some minor differences between their convention and ours, 
which will be pointed out in due course. 



C(X,Y,Z,-)=0, 



A(Z,X,Y)=0, 



[Af,Af] e Af, 



[Af ,Af } e Af 
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A.l Null basis 

Let (A4 ,g) be a five-dimensional Lorentzian manifold. The metric can then be put in the form 

g ab = 2k( a i b ) + 2m (a TO b ) + u a u b , 

where k a , l a and u a are real, and m a complex 1-forms. As usual, indices are raised and lowered via the 
metric, so £ a , fc a , m a , m° and u a are basis vector fields (in [GPGLMG09 , u a is chosen to be of norm y/2). For 
future use, we note that this naturally defines two canonical almost optical structures (Ao,£) and (jVi,/C), 
where 

Afo = span{r, fh a } , C = span{r} , Af x = span{fc Q , fh a } , K = span{fc a } . 

It is convenient to introduce numerical indices, which are particularly useful for taking components of various 
tensorial quantities. Writing, 8\ in place of g a b , we assign the following numerical values to the basis vectors 
and 1-forms: 

k a = S1, r = <5f, m° = $, u a = 6%, and k a = s\ , l a = 8 l a , m a = 6 2 a , u a = S° a , 
respectively. Thus, for instance, components of a tensor A ab c in this basis will be denoted 

■^-vi := A ah c k a rh h k c , 
and so on. 

With this notation, we shall denote the induced basis bivectors and basis 2-forms by 

:= V25[ a 6* b] , Sf m := y/25\ a 6? , € {1, 1, 2, 2, 0}) , 

respectively. These are clearly dual to each other, i.e. i„ ^ = Here, a Greek index a can be 

viewed as a multi-index, or in the abstract index language |PR84j . as being 'isomorphic' to [0102], say. 
There is an induced metric on the space of bivectors given by 

9af) ■= g ai [bi 9b 2 ]a 2 > 

which can be reexpressed as 

JCll^li £22r22 1 r,^12rl2 , oxl2rl2 , orlOrlO , o x20 c20 

g a fs = -o a b p -b a b p +2d (a d f:S} + 2d ia d p) +2d ia d m +2d {a d p) . 
Similarly, the induced metric on the space of 2-forms is given by 

g°P ■= g a ll b l g b 2]0.2 ^ 

and clearly satisfies 

a o 7/3 - 6 [bl S b2] - S fj 

A. 2 Connection components 

Let V be the Levi-Civita connection on (A4,g), i.e. the unique tosion-free connection preserving the metric 
g a b, and define, for convenience, the differential operators 

D:=k a V a , D:=£ a V a , 5:=fh a V a , S:=u a V a . 
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The components of the connection 1-form can then be expressed as follows: 
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V 
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Here, we have introduced the ancient Greek letters A ('sampi'), p ('digamma'), h ('qoppa') and 9 ('stigma'), 
together with the Anglo-Saxon letters 5 ('yogh'), p ('wynn') and <e ('asc' pronounced 'ash'). These are 
denoted by gothic letters in [GPGLMGQ9] . 

The commutation relations among the basis vector fields are then found to be 



[D, D] = -(7 + j)D - (e + e)D + (tt - f) S + (tt - r) 6 + (h - 7) S , (A.l) 

[D, 6] = - (tt + a + P) D - kD + (e - e - jo) (5 - ad + ( X - 4>) 6, (A.2) 

[dJ] = - (^ + e + e) d - r D - (x + v)s - ( x + v)s - 3°s , (A.3) 

[£>, <5] = -PL> + (-r + a + ^) 5 + (7 - 7 - fx) S - XS + (w - ^) 5 , (A.4) 

[D, 6} = -AD + (-9 + e + 6) D - {Co + C) S - (w + C) 5 - pS, (A.5) 

[6, 5} = { /1 + p) D + (-p + p) D + (P - a)8 ~{P-a)6 + {v-v)S, (A.6) 

[S, 8} = (-£ + £)D+ (-tp + r])D+ (-v -e + e)5-cl>5-<£5. (A.7) 



A.3 Curvature tensors 

Denote by R a t c d the Riemann curvature associated with V, which we shall take to be conventionally defined 
by 

R abd c V d :=2V [a V b] V c . 

For the purpose of the article, we shall only be concerned with the decomposition of the Riemann tensor as 

Rabcd — C a bcd ~ ^9[a |[c P d]\ b] ! 

where C a bcd and P a b are the Weyl tensor and the Rho tensor respectively. 

The Weyl tensor and the Weyl curvature operator In five dimensions, the Weyl tensor has 35 
independent components. In Lorentzian signature, and with respect to an almost null structure of real index 
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1, it is convenient to label them as follows 



; — C1212 j 

*o : = C1012 , 



^03 ; — C2012 , 



= ^1211 > 
— C1212 > 
= C1020 ) 
= C2012 
= ^1012 



C121; 



*2 : ~ ClOlO 



* 
T 13 



^1215 



*3 


:= ^1211 1 


*4 


:— ^1212 


*° 


:= ^1212 1 


*2 


• = ^1012 


*3 


:= ^1020 ' 






*2 


■ = ^2012 






T 13 


:= ^1012 J 


#14 


:= Qj012 



where ty®, v[/^ are real, and the 16 remaining components complex. While we have made the same choice 
of independent components as GPGLMG09 , their notation is more adapted to the use of a spinor basis 
of real index 1. Despite the importance of pure spinors in the theory of optical structures, the algebraic 
speciality of the Weyl tensor is somewhat expressed more simply tensorially, and the aim of this notation is 
to reflect the curvature properties of the canonical optical structures, while extending the four-dimensional 
Petrov classification. In particular, the vanishing of the components 9' . characterises the integrability 
condition of the almost optical structure (jVi,/C). If further the components vanish, the spacetime 
is algebraically special with respect to (7Vi,/C). By symmetry, components \?; 4 and are related to the 
curvature properties of the optical structure (Ao, C). Components ^ 2 are the only non- vanishing components 
for 'Petrov' type D spacetimes. 

The Weyl curvature tensor C abcd gives rise to the Weyl curvature operator C ab cd = C a befg ce g d ^, which 
we shall also denote C a & in the notation introduced earlier. In five dimensions, one can thus regard C a ^ 
as a tracefree 10 x 10 matrix, satisfying C a p = Cp a , acting on 2-forms, or dually, on bivectors. From the 
symmetries of the Weyl tensors, one can express the entries of C a @ in terms of the components of C a b c d- We 
omit the most general form of Cj 3 , and focus instead on Weyl tensors algebraically special with respect to the 

optical structure (A/"i,/C). So, assume \l/ . = =0. In the induced bases of 2-forms {5^} and of bivectors 
{Sfa} adapted to (Afi,JC), choose the index ordering {[12], [12], [10], [20], [20], [11], [22], [12], [12], [10]}. Then, 
the Weyl curvature operator C Q /3 reduces to 

{C)J = 
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$ 2 
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- *2 - *2 


-*2 + *2 













*3 + *3 


*3 - *3 


+ *3 








-*2 + *2 


-*2 ~ *2 + *2 
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*3 
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-*3 +*3 
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-n - *§ 













(A.8) 

This is an almost lower triangular matrix, and after a little algebra, one can read off its eigenvalues. In 
fact, a computer computation reveals that the Weyl curvature operator has Segre characteristic [222(11)11]. 
Table [T] lists the eigenvalues and the eigenforms for the repeated eigenvalues. These eigenforms can be seen 
to be null with respect to the induced metric on 2-forms. The eigenforms for the simple eigenvalues are 



! i>]i 



h„ l b Y and 



omitted for lack of space. It suffices to say that they are spanned by k[ a mf,], feu Tom, 
m [a m b] . 

When W14 7^ 0, the Weyl curvature operator has the same Jordan normal form. While the eigenvectors 
for the eigenvalues ^2, #2 and \&2 remain the same as in the algebraically special case, the others differ: a 
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Eigenvalue ( multiplicity ) 



Eigenvectors 



* 2 (2) 
* 2 (2) 
*° (2) 

-*§ (2) 



-(* 2 + * 2 ) + v gg - * 2 ) 2 + g|F (i) 

"(*2 + *2) - V(*2 " * 2 ) 2 + O^) 2 (1) 



k[ a m b ] 
k[ a u b ] 



*3 ; - 

* l ' + * 2 K [a TO b] 



■[aUb] 



mi n u 



b] 



2* 

^ fc [a m 6] + ^ k [a U b] ~ m [aUh] 

omitted 
omitted 



Table 1: Eigenvalues and eigenvectors of the Weyl curvature operator of a five-dimensional algebraically 
special spacetime 



complex conjugate pair of eigenvectors for — <3>^ now read 



- #14*14 



3 
2* 



K [a"b] 



*3#3 - * 



*° + 



1*14*14 -9 Z' A f ^\ 

fc [a m b] + # 3 ^ — fc [aUb] -m [o U 6] J -*14 V< 



*[a«i)] I , 



Contrary to the algebraically special case (with * 14 = 0), these eigenforms are not null. The eigenvectors for 
— (#2 + *2) ± \J (*2 — #2) 2 + (*2) 2 are a g am rather complicated, but as in the algebraically special case, 
they are spanned by k [a m b] , k [a m b] , k [a u b] , k [a l b] , and fh [a m b] . 

The Rho and Cotton- York tensors The Rho tensor is symmetric, and thus has 15 independent com- 
ponents, which will be labelled in the usual fashion. Another important curvature tensor is the Cotton-York 
tensor defined to be 

A a bc ■= 2V[ b P c ] a , 

or equivalently, from the contracted Bianchi identity, 

This implies that A[ abc ] = and A a ab = 0. 
A. 4 Gauge transformations 

The null structure is invariant under the subgroup of the sim group generated by (K ® u(l)) k R 3 . This 
group can be split into three types of transformations: 



null rotations fixing k a 

k a ^k a = k a , t m. r = r + zm a + zrh a + ru a - (zz + \r 2 )k a 

m a ^m a = m a - zk a , u a ^ u a = u a - rk a . 

where z e C, r e M; 

boosts 



(A.9) 



k a ^k a = bk a . 
where b € K; 



b- x i a , 



m i-> m 



u" i-s- u" 



(A.10) 
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• unitary rotations 

k a ^k a = k a , r^r = r, m a ^rh a = zm a , u a ^u a = u a . (A.ll) 

where z £ U(l). 

Transformation rules of the connection 1-form Here, we give the transformation rules of the connec- 
tion components under a boost (|A.10[) only, the other cases being somewhat more straightforward. 

k = k , f — f , a — g — ZK , ij> = ift — Zf , p = p — ZK , 

3 = 3 — Tf , fj = 7] — VK , \ = \ + rn — zf , (f) = (f> — z\ + ra — rzn — zij) + z 2 f , e = e + zk + \rf , 

a = a — ze + zp — z 2 k + rijl — rzf , ft = /3 — ze + za — zzk + rip — rzf , 

7T = it + 2ze + z 2 R — \r 2 k, — r\ + rzp~ + Dz f = r + zp + fcr + rrj — (zz + |r 2 )fc . 

7 = 7 + zi/> + z?/> + ?"3 — (zz + 5J" 2 )f , (B = <3B — r(x ~ — r 2 K + rzf — zj , 

u = v — z\ + rp — rzn — z^> + zzf , 9 = 9 — re + zr\ — zrn + r$ — r 2 f , 

h = h + r(e + e) + z\ + z\ + r(zR + zk) + \r 2 f — zzf + Dr 

A = A — r(f> — \r 2 a + 2za — zty + rz\ + rzxjj + |r 2 z/t — 2z 2 e — rz 2 f + z 2 p — z 3 R + 8z — zDz 

£ = £ — r<E — r7f + r 2 % — |r 2 r/ + \ r ' K — 2rze — r 2 zp + 2z# + rz% + z 2 ?; — z 2 k + Sz — rDz 

p, = p, — \r 2 p — rv + 2z/3 + rz?/S + z 2 a — ztt + rzx + |r 2 z/t — 2zze — rzzf — z 2 zR + Sz — zDz 

7 = 7 + za + z/? + r9 — (zz + \r 2 )e + zt + zzp + z 2 a + zrrj — z(zz + \r 2 )K, + r=r + rzi/) + rz?/' 

+ r 2 j — r(zz + |r 2 )p 

f = £ + ra + r/3 + ^r 2 ip — z\ — rze — rze — \r 2 zf + rzp + zv — z 2 \ — rz 2 R + z<f> + rza — zz\ 

— zzt/j — rzzn + z 2 zf + Sr — zDr — (zz + ^r 2 )Dr 

lj = lj + r<£ — ^ r2 X + r ^ r \ ~ (i 7 " 3 + rzz)n + rr + rzp — zt + zu — rz3 — z 2 ip + (zz + \r 2 )f 

+ Z(j> + rza — zz~x ~ z ^' t l > 

p = p - r L , + (rzz - \r S )f - r 2 (e + e) + r(6> + 0) + (^r 2 - zz)j + z« + zeE 

— rz% — rz\ + rzf} + rzT? — r 2 zn — r 2 zR + Sr — rDr 

v — v — rui — r 2 <£ — (^r 2 + zz)n + (^r :i + rzz)\ — \r 3 rj + (jr 4 + \^r 2 zz)k — \r 2 r + 2z-y + zp — (r 2 z + 2z 2 z)i 
— (\r 3 z + rz 2 z)f — ^r 5 ''zp + rzi + 2rz9 — rzv + r 2 z% + 2z 2 /3 + rz 2 fj + rz 2 ^ — (\r 2 z 2 + z 3 z)R + z 2 r + z 3 ct 
+ zA — rz0 — ^r 2 za + 2zza + rzzip + z 2 zp + + -Dz + z<5z + z<5z — (zz + |r ,2 )_Dz + r5z 

^\ = ^ + r(7 + 7)- (\r 2 + zz)h- (\r 3 + rzz)(e + i) - (^r 4 - z 2 z 2 ) F + (\r 2 - zz)t + r 2 (6» + 9) - rp+ (|r 3 - rzz) 3 
+ za; + za; + rztE + rz<3E + rza + rza + rz/3 + rzfi — (\r 2 z + zz 2 )\ — (\r 2 z + z 2 z)X + r 2 zfj + r 2 zr; 
+ (^r 2 z — z 2 z)\p + (l^r 2 z — zz 2 )ij) — (\r 3 z + rz 2 z)R — (^r 3 z + rzz 2 )K + rzf + rzT + z£ + z£ + z 2 (j} + z 2 <fi + rz 2 a + rz 2 cr 

+ rzzp + rzzp + zzu + zzv + Dr + z<5r + z<5r + rSr 
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Transformation rules of the Weyl tensor To make contact with the CMPP classification, we shall 
state the transformations rule of the Weyl tensor under boosts in terms of boost weights, as given in Table 
[H We recall that a scalar quantity / is said to be of boost weight w, if, under a boost (|A.10|) . it transforms 
according to the rule / i-> / = b w f. 



Weyl tensor components 


Boost weights 


*o, *8» *? 


2 




1 


M>° 3 , *} 3 , *? s , *2, * Q 2 







-1 


*4, *2> *3 


-2 



Table 2: Boost weights of the components of the Weyl tensor 

We omit the transformation rules for unitary rotations, which are pretty straightforward. On the other 
hand, under a null rotation (|A.9[) . the Weyl tensor transforms according to 

*o = *o , *i = *i + z¥l + z* + r*o , 

*03 = *os + r* - zV° , 4>l = tfj + + 2z*? , *? = + r*? - , 

*; 3 = -ir 2 *o + z 2 *o + *13 - - 2rz¥{ - 2z^\ 
*? 3 = r 2 *g + z^l - ir 2 * + z 2 *? + *?3 - ^*03 

*13 = r 2 *0 - + -ZZ)*!! + + + rz^ + *i 3 + Z^l + Z*03 , 

*i4 = -z 3 *o + |r 2 ^*o - 3z*} 3 + 3rz*^ + 3rz 2 *i } - ±r 3 # + 3r*; 3 + 3z 2 * 2 - §r 2 * 3 + *i4 

* 2 = rz^l - + 2z*i + z 2 * - |r 2 *" + * 2 - r* 2 

= rz*o + + *2 + 2*i + z*l + (-r 2 + 2zz)^° - r* 2 - r* 2 

* 3 = -2rz 2 *o + (±r 3 - rzz)*o - z*2 - 2r*i 3 + z 2 *l + (r 2 - zz)V\ - 3z 2 *i - z 3 * 

+ (f r 2 z - zz 2 )*? - 3z* 2 + |r 2 *i + ±r 2 z* - z*?3 + ^*i3 + *3 + rz^\ + 4rz* 2 + rz$ 03 

*3 = (~|r 3 z + rzz 2 )*o + (-fr 3 z + rz 2 z)*o + (-r 2 + 2zz)*2 + rz*} 3 + rz^\ 3 

+ {-\r 2 z + zz 2 )^\ + {-±r 2 z + z 2 z)y\ - r 2 z*i - ±r 2 z 2 * + (±r 4 - 2r 2 zz + z 2 z 2 )*? + z 2 ^ 

- |r 2 * 2 - r 2 2 *i - §rV*o - |r 2 *2 + z 2 #? 3 - 2rz* 2 3 - 2rz* 2 3 - z*J - z*J + - rz 2 * 03 

+ (|r 3 - 2rzz)* 2 - r* 2 + (±r 3 - 2rzz)^>\ - rz 2 * 3 - r* 2 

* 3 = -rz 2 *o + {\r z - 2rzz)*o - 2z*2 - r*l 3 - ^ 2 *i + (\r 2 - 2zz)*i + (2r 2 z - 2zz 2 )*? + r 2 f i 

+ r 2 2* - 2zf ? 3 + 2r*? 3 + * 3 + 2rz* 2 + 2rz* 2 + 2r^* 3 

* 3 = §r 2 z*o + (r 2 z ~ z 2 z)^° + r*" - z*i3 + rz*i + {-^r 3 + 2rzz)$° + 2rz*i + rz 2 $> + r* 2 

+ 2 2 *? 3 + (-r 2 + 2zz)m\ - |r 2 * 2 + 2 2 *„3 + * 2 
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* 4 = 2rz 3 *!] - r S z^o + 6rz*l 3 - 2z i ^ 1 1 - 3r 2 2*i + 4z 3 *i + 2 4 * - 3r 2 2 2 *? + 62 2 * 2 + |r 4 * 

- 3r 2 *? 3 + 2z*J - 4z*3 + *4 - 6r2 2 f 2 + r 3 * 3 - 2r* i4 

*2 = (|r 2 2 2 - 22 3 )*|i + (-y + f r 2 22)*J] + 3rStt§ + 3(±r 2 - zz)^\ 3 + (-±r 3 + 3r22)*i 

+ 3r2 2 *i + r2 3 * + (-|r 3 2 + rzz + 2rzz 2 )V° + 3r2* 2 - 5?" 3 *i - \r z z^ + Srz^% + 32 2 * 2 3 

- |r 2 * 2 3 + *4 - r*J - r* 3 + z 3 *03 - |r 2 2* 2 + 32* 2 + (-3r 2 2 + 322 2 )* 2 - |r 2 2# ()3 + 2* 14 



B The Ricci identity 

The Ricci identity are given by the well-known formula 

2, 9[c r d ]ab — 2r [c \a^\ d]eb + ^[cdf^eab + R-cdab ■ 

Taking components of the above formula and combining some of these yield a set of 54 equations: 

-De+Dj = -2ej-ej-e^-Kv+^x^-^X^+/3n+an-y^+^-aT+TrT-/3f+he-^9+^°+^ 2 +P 1 i 

(B.l) 



— Dk + Dt — — Zjk — 7K — f lu + ?7 L i + ftp + Tva + \<f — rj<r + tr — er — pr — of + *i + P12 (B.2) 

Dv — Dir = — 3ev — ev + jit — jit + pir + Xtt — uj l i + x 7 ^ — At — pf + L ,C — — \l/3 — Pjj (B.3) 

—.Dp + D7 = — 2p7 — 2p7 + kcj + KcD + 7n/> + 7f?/> — \t — tfir — \t — ipf + L i3 — 73 — * 2 — *i + P10 (B.4) 

-7> ( + = - X!/ - xi> + W7r + o)7f - 2e^ - 2eA + hp - 9p + tt£ - f£ + tt£ - r£ + f § + *3 - P io (B.5) 

— L>x + Dw = —2x7 + — 2<Tcj + (fin + ce l , — — <£? — n? + L ,r — fir + n v — rv + — *J 3 (B-6) 

D/3 ~8e= -at - fie - jk - up + \x<fi - en + ±V L i - (3p - aa + Tva + X 9 - ->fiO - \xv - \ fi - |*i + *i 

(B.7) 

—8k + Da — XV — an — 3/3/t — f <fi — ktv + — r}tp + 3eo — ea — pa — pa — kt + 'J'o (B-8) 
Dp — Sit — —ep — ep — — air + /3tt — tttt — pp — Act — L ,v + x? + xC — + *2 — P22 — ?ii (B-9) 
—Sf + Dip — —2a.f — 2/3f + R(fi — f tt + 2eip — xp — 4>P — X° ~ 4" 1 — K ^ + + X5 — V"3 + *o (B.10) 
-8\ + DZ = -xA - XP- + <I>k - k l , - + nv + XP - i>P - 2e^ - pt-a£ + *L - P20 (B.ll) 
-Sx + Dcfi = (ex ~ 2/?X + f A - ko; + 2e<fi - 2ecfi - \n - <Bip - nip - (fip + her - av - k£ + * 3 (B-12) 

Da - 8e = at- 2ae - /3e - jk, - kA - \x4> ~ eir + |V> L i - ap + irp - /3a + X# - i>6 + \xV - \ fl~ |*i - P i2 

(B.13) 



22 



—Sk + Dp = XV ~ 3ok — /3k — K7r + x4> — Vip + ep + ep — p 2 — oo — — fv + — Pn (B.14) 
DA - Sty = eA - 3eA - Ru + an - fin - tt 2 - 0h - Ap - + xf + xC - V< + *?3 - P 22 (B.15) 
—&x + -D" = — 2ax + pp — kcj — x?r — <eV> — nip + hp — 0cx — pu — k£ + 'J 2 + Pio (B.16) 

£>/3 - 57 = «7 + 2/?7 - /3 7 - a\ - ftp, - ev + \u<p + \ipA + va - -yr - pr + lo6 - \uv - §f£ - 0£ - - P; 2 

(B.17) 

Do — St = — kv + r)(jj + uoip — Ap + 3ja — 'ya — pa — (pT + ar — fir — r 2 — r)£ + — P22 (B.18) 
Dp-8v = —XX - -yp - jp - p 2 + av + 3p3f - vn - vr - Av + u>£ + lo( - £C + *° - Pn (B.19) 
Dip — St = — fv + 27^ — pip — Xip — top — uhj — tt + <pf + tv + L03 — £3 + — P20 (B.20) 
—SA + D£ = -pu -Xoo + i«p- v\ + 2aA + 2/3^ - At + vv + up - 2 7 £ - p£ - pi - Af + #° (B.21) 
-dto + D(f>= -xv + cEuj + 2ato + 270 - 2*/<p - pep - i>ip + Aa + Af - lot - Xv - <c£ - r£ + #14 (B.22) 

Da - £7 = Q-y + fi-y - f3X - ap - ev - \tofp + vp + \ifA - 'yf - Ar + to6 + \ujv - iff - flf + *3 - |*s 

(B.23) 

_Dp — 5r = — ku + r)Q + wi/i + 7p + 7p — pp — Xa — ar + fir — f r — f v — r/^ + \E<2 — P22 — P11 (B.24) 
DX - Sv = 7A - 37A — A/tt — A^ + 3cw + /3i/ - i/tt - (pA - vf + ajf + lj( - fC + * 4 (B.25) 
-5cj + Dt) = -x^ + <ew + 2/3lo - X<p - vip + pA + /ttf - uf - pv - <£f - Tf + *3 + Pi (B.26) 

5a -5/3 = aa -2a / + /3 ) 0-e/ i + e/i- i00 + 7p + /up-7p- Act -6»w + iw + i^- i^f +*2 - + P22 

(B.27) 

Sp — So — —up + np + (ptp + ap + Pp — 3a<r + /3<t + pr — pr — r\v — ipv + rjv — + *i — P12 (B.28) 
SX - Sp = aA - 3/3A + a/u + pip - p-n + pn + vp - vp - <p£ + uf - vC, + wC - *3 + #3 + Pjs (B.29) 
— dtp + Sip = — p/i + pp — 2a-;/; + 2a?/> + (pa — <pa + pf — pf + pu — pv — v% + O3 + * 2 — *i (B.30) 
+ <5f = -X<p + X4> - ph + ph + pA- p^ + pv-pv-vp + vp + 2p3(, - 2/3f - *3 + f 2 (B.31) 
-Sep + 8v = -xp + XP- 2a4> + 2fJ(P + pip - Xip + top - top - (BV + <ev + p£ - <rf + *? 3 + *i 3 + P20 (B.32) 



- 5e + DO = - i &x ~ ax + 5 *X - /?X - - /3»7 - F7 + ^ - eh - e0 - e9 - \ f p + ^3 - 63 - < - *? + 5P10 

(B.33) 
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Dq — Sk = — (Ef + 2erj — k l i — \P ~ VP ~ X° ~ V° ~ F r — 3k# — + X5 — V3 + *o 

-Sir + D( = -xA - r)\ - \P - f)[i - fv - «h - k\ + tv6 - tv6 + \p - 2e< - jC + *13 - P20 

- Sf + D3 = -xn - xv + <* K + «« - xi> - n<P - xi> - nip - f l i - - 2 f# - 2 f# + £ 3 + «3 - 5 2 - 2*? - 

-5 L , + Dp = <E7r + «7f - h 2 - F^ - ep - ep - x£ - »?£ - x£ - Vt ~ P3 - xC - XC + *2 - Poo ~ Pii 

d^e - &x = <Ee - <ee - - x4> - n<P - x L i + n L i ~ 2 x# - x v - n v - k p - «3 - ^5 + fC + *i - P12 

-Sj + DO = j)v- \ -au + \<bu - fiu - £^-79 + 76* + -/6- ±=rp - 6p + - /3( - r( - aC, + #3 - ± 



.Dr? — St = 2??7 — up — — oxr — <e=t — tt — t6 + tO — r\p + U3 — a( — p£ + *i 3 — P20 
-Sv + E>C = -\u - fiu - ceA - tt3\ - z/<r + 3^6> + v6 + up - 2~/( - p< - p( - AC + *4 

- St + D3 = —770; - rju - — W V> — F^ — 72 + * T + ^ + 75 + 75 — P5 — V"C _ V"C + *2 - Poo 



<5^\ + Dp = <ev + atv - - + 2^6» + 2^0 - 7p - 7-p - p 2 - - oj£ - ujC, - - - CC - 2*3 



D<£ — SbJ = <E7 — <E7 — O>0 — X^ + V 7 ^ — + 2U)9 — LOV — (Bp — Tp — — (p( + t( — v( + *3 — Pj 2 

-6^ + Se = rn + V^-k s ^- a ^-^- ae -P e + ^+k ai) -P i) -k^P-<+^3-crC + eC + ^i3 + h 

Sri — 80 — —<et] + 2firi — ceip — 4>p + t}t — ipr — 3a9 + 06 — av — k£ + <f>3 + + *03 

-6fj, + 5C = f\v - \<j> - vip + p,6 + pS - p,v + vp - ai£ - tv£ - <bC, - 2/?C + ttC + *3 + Pio 

—Sip + 83 = — V4> ~ 4>ip + ^P + <e°" + — — 2\j)9 — r)v — \j)v — — <e% + 0:3 + /3j + p f + *i — P12 

(5p - <5^ = «A + <e^ + 77^ - - «P - ap - f3p - + 26£ - t5| - 0£ - + L ,C - «C + *3 - p i2 

8<e — 8<j) — —<e 2 — ceo: + (e/3 + 'qui — uip — 2(j>9 + 2<j>6 — <f>v — 4>v — ap — x£ + n€ — A3 + xC + iPC — 2*? 3 — 

— Sa + SO = 777 + 77A+ |ae0 — P4> — 'yip — a6- as6 + a9 - \ cbv - av - \rpp — et; + |C5 + e C — PC~ *13 — § 
Sr) — 8p — —dsr) + 2ar) — terp — (pa + fjr — ipr — p6 — p6 — pv — k£ + v% + k( + #1 + Pio 

-S\ + (5( = nv - n<f> - vip - xe + 3\e - \v + <j>p - «f - tt| - «c - 2aC + K + * 14 

5(E — 5U = — (Effi + (EOL — + VU ~ 4><P — Uip — V 2 — pp — X^ + ni — P3 + IPC + XC — 2*13 ~ ?22 



B.34) 
B.35) 

P11 
B.36) 

B.37) 

B.38) 

Pio 
B.39) 

B.40) 

B.41) 

D H 
B.42) 

P11 
B.43) 

B.44) 

P20 
B.45) 

B.46) 

B.47) 

B.48) 

B.49) 

P22 
B.50) 

P20 
B.51) 

B.52) 

B.53) 

B.54) 
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C The Bianchi identity 

Here, we give the components of the Bianchi identity according to the formula 

d [a C bc]de = - 2 9[a\[d A e]\bc] ~ 2T [ab C c]fde " 2T [a \[/ C e]\f\b c] ) 

and obtain a set of 58 equations: 

- 5*i + Mo - L>*? 3 = A212 + {2u> - £)*o + a¥l + (-x - V)*i3 + (-7f + 2r)*l + (-2/? - 4r)*i + (4 7 - p)* 

- A*? + (-2e + 2i + p)*? 3 + 3cr* 2 + (~X + 2?/>)*i3 ~ «*J + ft - 2t)* 3 + 0*? + F *i4 + 0*? (C.l) 

- D*l + D*i + 5*„ - 5*? = -Ana + (2w - v)V° - <t>$o + k*2 - F*is + (-2e + 2p + p)*} + cr*} 
+ (2e-4p)*i + (4a+7r)* + (-2a-2£-#)*i+K*i 3 -3/^ 

(C.2) 

5*1 + Z>* 2 - 5*1 - Z>*2 = -A 125 + 5*0 - £*0 + (-P + P)*2 + (-X + </0*13 + (X - V0*13 - 7T*1 + 7T*1 

+ (2a + 2tt)*i + A* + (-/U + A)*? - ^"*13 - 3p*2 + (-2a - 27r)*i - A* + 3p* 2 + o-*? 3 + (x - 2$)*? 3 
+ (-x + 2V>)*? 3 + «*3 - - 2^*3 + 2k* 3 + (h - v + w)*? - F *l + (-h - w + v)*? + p*| (C.3) 

- 5*? 3 + 5*2 + 0*3 - £*3 = A il2 - A222 - 7f*° + ( L , - v + «)*i 3 - p*i - A*J + (-2a + 2p - tt)* 13 

+ 2A*i + 37f*2 + ft - w)*?3 + 0*?3 + (-2e - p - p)* 3 + (2e + 2p)* 3 - k* 4 + k* 3 + £*os - £*? + (~X + V>)*i4 

- X *3 + (2x - ml (C4) 

- D¥l - 5*J - 5*1 + 5*i + Z3*2 + 5*i + D*2 = A 21 2 + ^212 + (p + P)*2 + (2x - V0*i 3 + (2x - V0*is 

+ (-2a - 2tt)*J + (-2a - 2tt )*} + (2a + 2tt)*i + A* + {-fi- p)*? + ct*? 3 - 3p* 2 + (2a + 2tt)*i + A* - 3p* 2 

+ ff*? 3 + (2X - V0*?3 + ( 2 X - V>)*?3 - 2K*3 - 2K*J + 2k* 3 + 2k* 3 + 0*03 + {v- 2t>)*? 

+ {-2v + v)*? + 0*03 (C.5) 

£1*2 + 5*3 - -D*3 = A- Ul - A ri2 - p*" + (w - 2£)*! 3 - z/*} + 2i^*i - 3p* 2 - A*? 3 + cj*? 3 
+ C*?3 - X*4 + (-X + V>)*4 + 7T* 3 + (tt - r)* 3 + (-2/? + 2r)* 3 + (2e + 2e + p)*g + a*4 

+ ft - 7 - W)* 3 - ^*? + ft ~ v)* 3 (C.6) 

5*2 - 5*? 3 + D*3 - L>*3 = + A222 - ?r*2 + (h + v - v)*i 3 - A*J - p*J + 2A*i + 3tt* 2 
+ (-2a + 2/3 - 7f)*? 3 + 0*f 3 + ft - D)*? 3 + (-2e - p - p)* 3 + (2e + 2p)* 3 + k*3 - k*4 

+ (2X - V^)* 3 - C*? + C*03 - X*3 + (-X + ^)*14 (C.7) 

D^° - D*} 3 + 5*? + 5*? = A012 + (3 7 + 7 - m)*o - A*!i + (-x + 2V>)*2 + (-e + e + 2p)*} 3 + 2a*l 3 

+ ft - 7)*} + (-7 + W)*l - W* + (-3W + 2C)*? + X*13 + V>*2 + 0*1 + (X + V>)*2 - P*?3 ~ ^*?3 - F*3 + ^*03 

+ (a + P + 2tt)*i - K*i4 + (a + /3 + 3r)*? - k*^ (C.8) 

5*^ - 5*? 3 + £>* 03 - £>*i4 = -v-$o + {-a + p + 37f)*} 3 + (2w - 0*i + (~w - C)*i + ^*o + (-3h + 3t)*? 3 
+ 0*2 - 0*2 + (a - P - 3r)*? 3 + k*S + (-2 X + V)*3 + (x + ^0)*3 - F*4 + (3 7 - 7 - p)*o 3 - 2A*? 

+ (-e + 3e + p)*i4 + 2a* 3 - A*? + a*^ (C.9) 
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5*i! - 5*2 + D*? - D*? = (3a + /3 + tt)*S + (-3a - /? - 7f)*g + 2/t*l 3 - 2/t*} 3 + (2£ - V0*1 
+ (-2x + V>)*1 + (-X - V 5 )*! - 0*o + (~3v + 3v)*? - F * 2 + (x + V0*i + 0*o + f*2 + «*? 3 - k*? 3 + ct* 03 

+ (e + e - 3p)*? + (-e-e + 3p)*? - cr* 03 (CIO) 

D*l 3 + D*? 3 + 5*03 - 5*? = A)i2 - p*!! + A*o + (2x - V0*2 + (e - e - 2p)*l 3 + (-h + 2v- v)*J 
+ #J + (h-u)tfi + ftfo-£*i + (-2x + 3$)^^ 

+ (3a - ft + 7r)* 03 + (-a - /3 - 2tt)*? + k*i 4 - 2k* 3 + tt*? + k* 3 (C.ll) 

£>*? 3 - D*!^ - 5*1 - 5* 3 = -A oi2 + (w - 2C)*2 + M*L + A*i 3 + ^*i - cD*? 3 + (-w - 0*2 - £*2 
+ (7-7-2^)*? 3 -2A*? 3 + (e+3e+p)*4+CT*4+(h-T)*3 + (h-w)* 3 +x*4-0*3 + (3x- 

+ (a + - 2r)*l + v^l + (a + /? - 3tt)*^ (C.12) 

5*? 3 - 5*? 3 + D*| - £*§ = A)22 + ( W - ")*2 + ^*i3 ~ ^*13 + f*l - 0*?3 + (h - ")*2 - £*1 

+ (-h + w)* 2 + 0*? 3 + (a - /j + 2tt)*? 3 + (-a + /3- 2tt)*? 3 + k*^ - n^l + (2* - V0* 3 + (-2 X + V>)*3 

- X*3 + X*3 + A* 03 - M*i + (-£-£- 2p)*| + £*? - A* 03 + (e + e + 2p)* 3 (C.13) 

5*1 - £>*? + D*2 = -A ni - A 2 i2 + {-CO + 0*0 - W*q - p*2 + V»*13 + X*13 + (~T + ^)*1 + ^*1 

+ (2a + 27T)*! + A* + (-2 7 - 27 + £)*? - cr*? 3 - 3p* 2 + (x - 2^)*? 3 - k* 3 + 2k* 3 + (<r - v)*? 

- F*3 + (- L i + 7 - «)*? (C14) 

£>*i - L>*i - 5*? 3 + 5*2 = A li2 - A222 - r^l + (9 - t/)*} 3 + 0*} 3 + (2 7 - fj, - p)*J + (-2 7 + 2p)*i 

- z/* + P*? + (-2a + 20- f)*? 3 + 3t* 2 + (<r - v + v)*? 3 - p* 3 - a*J + 2a* 3 + {-Q + f)*03 

- w*i + Vi*i4 - V*3 + (2w - 0*i (C15) 

5* 1 ;! + 5*2 - Mi + 5*2 - D* 3 = -A li5 - A- 112 - - ^*|J + (tt + f )*2 + (2h - ?)*L + 2A*i - z/*? 
+ 3tt* 2 + (-27 + 2p)*j - P* + 3f * 2 + (tt + r)*? 3 + (-h + 2t)*? 3 - f*4 + 2a* 3 + (2e + 2p)* 3 - k* 3 - k* 4 

+ (O - 20*? + (X - ^Wl + (a - 20*? + (X - 2^)v£/| (C.16) 

- £>*} + 5*2 + £>*l - 5*2 + L>* 3 - D* 3 = Ar ni + (-7T + r)*" - 0*1 3 + (h - 7 + W)*J 3 - A*J + (-27 + p)*i 

+ 2A*j - ^*? + 3tt* 2 + (27 - 2p)*i + i/*o - 3f * 2 + (-7f + r)* ( 13 + 0*? 3 + (h - =r - ^)*? 3 + a* 3 + (-2e - p)* 3 

- 2a* 3 + (2e + 2p)* 3 + k*§ - k* 4 + (-2w + 0*? + (2x - V>)*3 + (w - 0*? + w*03 + (~X + V>)*3 - X*i4 

(C.17) 

- D*2 + £1*2 + 5* 3 - 5* 3 = + (/" - A)*2 + (w - 20*} 3 + (-w + 20*L + ^*1 - ^*1 - 2i^*i - A*? 3 

+ 3p*2 + 2^*1 - 3/i*2 + A*? 3 + (-W + 0*13 + (W - 0*13 + V»*4 - V>*4 ~ ^*3 + T*3 + (~2/9 + 2f )* 3 

+ a* 4 + (2/? - 2r)* 3 + (p - p)* 3 - a* 4 - ^*? + (7 - v + w)* 3 + ^*? + (-T - v + u)* 3 (C.18) 

f)*^ - £1*2 - D* 2 + 5*J + 5* 3 - 5* 3 - 5*3 = -A m - A- 2l2 + (-p - /2)*^ + (-2w + 0*L + (~2w + 0*L 
+ 2i^*l + 2^*1 - 2i^*i - A*° 3 + 3p* 2 - 2^*i + 3^*2 - A*? 3 + (-2Q + 0*? 3 + (-2w + 0*13 + (-2/3 + 2f )*s 
+ (-2/3+2r)*3 + (2^-2f)*3-CT*4 + (2/3-2r)* 3 + (p+p)*^-a*4-#i4 + (-w+2v)*| + (2v-^ 

(C.19) 
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- L>*? 3 - 5*3 + C*4 = A 2i2 + A* 2 ' + (-Co + 2£)*L - ^*1 + 3A* 2 + (2 7 - 27 + p)*?3 + (-w - 0*?3 

+ (2x - VO*" + (2vr - f)*3 + (2a - 4tt)* 3 - a* 3 ' + (-4e - p)* 4 + 0* 3 + ^*03 + 0*3 + (-2 L , + t)*i 4 

(C.20) 

- £>*3 + £>* 3 - 5*3 + 5*4 = -^112 + ^*2 - ^*13 - 3^*2 + *?*? 3 - ^*? 3 - 0*4 + (-W + 2«)*4 

+A*3 + (2 7 +2 M +/i)*J + (-27-4 M )*3+(2Q+2^-f)^ + (-4^+r)*4+(-2w+0*3+(w+f) 

(C.21) 

-5*i 3 +M?3-f»*?+D^ = ^ li +p*g+(i,- 7 )*s+(-a+ j g-2f)*i3-ff*is+(-w+o*i+w*i+f*i-'9>*; 

+ (h - w)* 2 - W*l + (-7 + w)* 2 + (a - P + 2tt)*? 3 + r*? 3 - k*" + (x - *0)*3 - X*3 - V>*3 + X*3 + F*3 + A *03 

+ (-7 - 7 + 2p;)*? - cr*i4 + (-e - e - 2p)* 3 ! + p*? - p*§ (C.22) 

- 5*} 3 + 5*L - £1*? + £>*? = -A)22 - f*o + + (-w + ")*2 + (-a + p~- 2f)*} 3 + (a - £ + 2r)*J 3 

+ (-2W +£)*} + (2W - 0*1 + W*l + 0*?3 + (T- V)*2 - W*l + + V)*2 - 0*? 3 ~ T*? 3 +T*? 3 - + V*3 

+ (-7 - 7 + 2p)*? - a*i4 + p* 3 + (7 + 7 - 2p)*? - p^l + cr*i4 (C.23) 

- L>*} 3 - L>*? 3 - 5*14 + (5*1 = -A oi2 + (-2w + C)*2 + (-7 + 7 + 3p)*L - A*i3 + ^i*l - 3\*i 

+ (2w - 30*? 3 + (w + 0*2 + w* 2 + (-7 + 7 + 2^)*? 3 + p*° - a*4 + (9 - 2u + w)* 3 - 0*g 

+ (-9 + w)* 3 - ^* 4 + 0*3 + ^*3 - ^*03 + 2^*? + (-a + 3/3 - f)*i4 + (-a - /3 + 2r)* 3 - ^*? - r* 3 

(C.24) 

- (5*4 + (5*" - _D* 3 + £>* 3 = -z/*l 3 + P*} 3 - ^* 2 + ^* 2 - 2^*? 3 + 2^*? 3 + (a + 3/3 - f )*° 

+ (-a - 3/3 + r)*2 + (-2w + 0*3 + (2w - 0*3 + (w + 0*3 + 0*4 + (-w - 0*3 + (3w - 3w)*g - 0* 4 - A* i4 

+ (7 + 7 + 3^)*3 + (-7 - 7 - 3A)*3 + A*i4 (C.25) 

- (5*|! + (5*o + D*o3 = (2<» - a - 3/3 - 7f)*g + (2 X + 2j? + V)*l + (-* - 4j? + V)*i 

+ (h + 46» + w)* + 30*? + 3 F *? 3 - 3k*? 3 + (3e - e - p - 2 5 )* 03 - 3a*? (C.26) 

- D*L3 + 5*i + D*? 3 + 5*? + 5*? = -A120 + (-// + p)*o - A*o + (-r, + 2t/>)* 2 > + (-e + e + 2p + 3 )*i 3 

+2a*; 3 +h*i + (h+20+v)*iK*o + (2£+O*?-^*?3 + (-^ 

- a*?3 - F * 3 - F * 3 + 7T* 03 + (-as + a + /3 + 2tt)*? - k*i 4 - 2k* 3 + (-as + a + /3 + tt)*? - k* 3 (C.27) 

- (5*!! + 5*? + D*i = Ano + «*S + (« - 3a - ^ - vr)*[! + p*° + 2k*} 3 + (x - J?)*J + (~X - »/ + V)*i 

+ (h + 2^ + 26 + 3w)*? + (x + VO*i + 0*o + F*2 - ^*?3 + (e + e - 3p - 3)*? - 3*? - a* 03 (C.28) 

5*J 3 - <5*? 3 - D* 14 = -A220 + 0*2 + {-<£ - a + 13 + 37f)*} 3 + (-C - 0*1 + (~3h - 29 + 29 - v)*? 3 

- 0*2 - <e*? 3 + k*2 + (-2x - r?)*g + (x + V0*3 - F*4 + p*03 - 2A*? + (-e + 3e + p + j)*i 4 + a* 3 

(C.29) 

D*^ - 5*1 + 5*i + ,D*?3 - 5*? + 5*? = A210 - A**o + A*o + (2x + »?)*2 + (e - e - 2p - 3 )*i 3 + 2(7*^ 
+ (-h - 26 - 2v)*} + 20*^ + (h + 29 + D)*i + C*o - C*? + (~2x + ^)*?3 + ("X - 3j? + ^)* 2 - 0*i + (- X - V>)*2 
+ (e - e - p - 5)*? 3 + o"*?3 - F*3 + F*3 + (« + 7r)* 03 + (as - a - f3 - 2n )*? + k*i 4 - 2k*3 

+ (-2as + a + /3 + #)*? + /t*3 (C.30) 
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- 5*1 3 + <5*2 + £>*3 = ^110 + ^220 + ( L i - 0*2 + (ce-a + /3- 7f)*i3 - C*i + £*! + 2<*i + ( L i + 0*2 
+ r/>*; 3 + (« + 27r)*? 3 -K*2+x*l + (-x^ 

(C.31) 

5*g + D*i + 25*? = -Ana + (h + 36> + S + 20*!! + 20*!! - 2k*2 + 2f*! 3 + (2e - 2p - 3)*! - 2a*i 

- 3*1 - as* + (-3« + 4a + 4/3 + 2ff)*S - 2k*? 3 - F *? 3 + + 0*03 + (-2x - 2V>)*? + (x + 3rj- 2^)*? 

(C.32) 

- 5*i - 2D*? 3 + 5*03 = -A212 + (-£ - 0*o + 2a*^ + (-2 X - 2V>)*L + (2<e - 2/3 - 2tt )*} - <e*! + p* - 2A*? 

+ (-4e + 4e + 2p + 33)*? 3 + (-2 X - 3r; + ^)*? 3 - 2k* 3 + (2h + 30 - + w)* 03 + 20*? + 2 F * 14 - 0*? 

(C.33) 

- 5*2 + 5*? 3 + D* 3 = A 020 - A il2 + (<B- 27f)*2 + (-h + 0*i3 + 0*! 3 - //*i - A*i + p*i 

+ (-« - 2tt)* ( 1 j 3 - <e* 2 + (2^ + 6-6 + w)*? 3 + 0*? 3 + p*^ + (-2e - p - 3)* 3 - a*J + 2k*!! + C*os + £*? 

- X*i4 + (-2x - 2t? + V)*3 + + C)*? + (X + ^)*3 (C34) 

- £>*!! + 5*i + D*f 3 = -A210 + (-3 7 - 7 + p)*o + (x - 0*2 + 3*13 + 7*! + ( L , + <r + 20)*i + (w + C)*o 
+ (3w+C)*? + (-X-^)*?3 + (-X-3r?)*2 + (e-e-23)*? 3 - F *J + (7r-f)*03-«*?-2K*i + (-« + 

(C.35) 

- 5*? 3 + 5*? 3 - D* 03 = -^220 + *>*!! + 0*2 - «*13 + (~2W - 0*1 + (w + 0*1 - ^*0 

+ (-3T-20+20-v)*; 3 -0* 2 +(-«-a+,9+3T)^ 

(C.36) 

- 5*! + 5*i - 5*03 + 5*? = A120 + (-M + A)*o + (»? + <0*° - 3*L + 2<x*} 3 + (-20 - 2u - 0*1 + 0*! 
+ (20+v+v)*i + (-f+C)*o + (£-C)*? + (^-3$)*L + (-3»^ 

+ (-2<E + a + /3)*? (C.37) 

5*^ + 5*2 + 5*2 + £>*? + D* 3 + M\ + D* 3 = -A li0 - A il0 - i/*g - u¥l + (2h + 20*° + (-tt + 2f)*} 3 

+ (-7f+2r)*L + (w+20*i + 2^*? + (h+7)*2 + (w + 20*i + (h+7)*2 + (27r-f)*? 3 + (2^ 

+ (x + 20*3 + (x + 20*3 + 2 F*" + (7 + 7 - 2p)*? + (-€ - e - 2 3 )*| + ( 7 + 7 - 2p)*f + (-e - e - 2 3 )*^ 

(C.38) 

5*2 - 5*2 - £>*? + £>* 3 + £>*i - L>* 3 = -z/*q + !>*o + {-& + n - If )*J 3 + (as - 7f + 2r)*l 3 + (-2w - C)*i 
+ (2w + C)*i + (w + 2C)*i + ( L i + 0*2 + (-w - 20*i + (-h - 0*2 + (« + 2tt - 0*13 + (-« - 2tt + 0*13 
+ k*2 - k*2 + (2x + 0*3 + (-2X - 0*3 + (-X - 20*3 + (X + 20*3 + (-7 - 7 + p)*? + (-£-£- 0*3 

+ (7 + 7-p)*? + (e + e + 3)*3 (C.39) 

- 5*" + 5*4 + M14 = -3^*i 3 + 3^*? 3 + (2<se + 3a + /3 - 0*4 + (2w + $ + 20*3 

+ (-co + £ - 40*3 + (9-46 + 0*4 + 30*!! + (7 - 37 - A» - 2p)* i4 - 3A*^ (C.40) 
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- MJ 3 - M? 3 + 5*3 - (5*3 + - 5*3 = -A 2l0 + (-2w - C)*° + (-7 + 7 + A* + P)*ls - A*J 3 + ^*1 - ^*i 
+ (2w - C)*? 3 + (w + 0*2 + (w - £ + 3C)*2 + (-7 + 7 + 2/i + P)*? 3 - 2A*? 3 + p¥i - a*^ + (<r - 2(9 + 2v)*3 

- 20*3 + (-9 + 20 - 7j)* 3 - 77*4 + 0*3 + 77*3 - f *03 + 2^*? + (-« - f)*14 

+ (-as - a - /3 + 2t)*3 - ^*? + (2<e + a + /3 - r)*g (C.41) 

5*J 3 - <5*L + 5*2 - <5*2 - 5*? 3 + <5*L = (-* + a - /3)*1 3 + (as - a + /3)*1 3 + (-£ - 0*1 + (€ + 0*1 
+ (-£ + 2C)*i + (v + tj)* 2 + (C - 2C)*i + (-w - 0*2 + (<* - a + /3)*? 3 + (-as + a - /3)*? 3 + (f? + t/0*J 
+ (-77 - 7/0*3- + (-277 + 7/0*3 + (2t7 - 7/0*3 - A*o3 + (m - 2/2 + p)*? + a*i4 + (2p - p - 5)*^ 

+ (2/i - p, - p)*? + A*(,3 + (p-2p + 3)*^ - a*i4 (C.42) 

5*3 - 5*3 + 5* 14 - 5*i = - A20 + (-£ - 0*2 + (p - 3/1 + p)*13 + (3f - C)*13 + + 30*2 + P*? 3 - 2A*? 3 
+ (-p + p)*4 + (-20 + 2tj + tj)*3 - 0*1 + (20 - 7j - D)*3 + (-77 + 7/0*4 + (77 - V)*3 + (-« + a - 3/3)*i4 

- <e^% + (2as + a + /3)* 3 : (C.43) 

- (5*° - (5*13 ~ 5*13 + 5*2 + 5*2 - 5*? 3 - <5*? 3 = ~A?50 - A20 + (-2w - 2tj)*2 + (2as - a + /3)*J 3 

+ (2as-a + /3)*l 3 + (C-2O*l + (^-2O*l + (-f+2O*i+20*?3 + (v + 7j)*2 + (-e + 2O*i + 
+ (2«-a+/3)*?3 + (2as-a+/3)*? 3 + (-2f7+7 / 3)*^ + (-2r7+V))*3 + (2r7 

- a*i4 + (2p - p)*^ + (2/i - /7)*? - A* 03 + (-P + 2p)*g - a*i 4 (C.44) 

- Mli + D^l - 5*3 = A10 + (-w + C)*2 + (7 - 7 + 2p)*l 3 + ^*1 + (w + 30*2 + (w + 0*?3 ~ P*?3 
+ (-3e-e-5)*5-h*3 + (-h-7+20)* 3 + (-3x-?7)*3 + (-X-^)*4+(«+37r-f)*l+2^*?+a3*^ 

(C.45) 

- fog - D*^ = -A Il0 - ^* ( J + P*J 3 - ^* 2 - 2^*? 3 - <e*S + (-«- a - 3/3 + r)*^ + (-ffl + 0*3 
+ (w - £ + 0*3 + (-w - 0*3 + (-7 + 20 + 20 - 30*3 - 0*4 + (7 + 7 + 3/t + p)*3 + P*i + A*i4 (C.46) 

-D*2 + 25*? - 5*? - 5*? = - Alio - A11 + (20 + 0*o + (2w + 0*o - 23*2 + (~X - 20*L + (~X - 20*ls 
+ (tt - 2f )*} + (tT - 2r)*J - as*i + (4 7 + 47 - 2p)*; - 3*2 - <e*i - 3*2 + (~X + 0*13 + (~X + 0*13 + k*3 

+ k*J + (-h - 2t - - 0)*? - p*g + (-h - 27 - - 0)*? - f *3 (C.47) 

- <5*1 3 - £>*} + <5*? 3 + D*3 = - An ~ ^*o + (-27f + 2r)*^ + (-h - 27- + 0)*J 3 + (-27+P)*! +P*i - 2P*? 

+ (-27T + 2f)*? 3 - <E* 2 + «*2 + (2h + 7 + - 0)*? 3 + f #4 + (-2? - 3 )*3 - 3 *3 + 2«*§ + (w + C)*03 

+ (2w + 20*? + (-X - 0*i4 + (-2 X - 277)*^ + (-w + 0*? + (x - 0*3 (C.48) 

- D^l - m\ + 5*? = -Aio - A12 - f*o - C*o + (2p + 0*2 + (X + 2t? - 2t/0*J 3 + X*L + (^ - 2a - tt)*J 

+ (-as - 7T)*J + (-2/i + p)*? + 2a* ( ! J 3 + <E*l + 5*2 + (X + 7A)*13 + (X - 0*13 - ^*3 - ^*3 + 0*03 

+ (h + + + 2u)*? + F *^ + (h - w )*2 + (c 4g) 

5*^-(5*J 3 -£>*l = -A2o+Ai2-^*S + (-« + 2r)*^ + (-2T-0 + 0-7j)*; 3 -0*i 3 + (-27 + p+p)*; + A*J 

- 2u¥l + (dS + 2f )*' 1 J 3 + <E* 2 + (9 - 7j)*? 3 - 0*? 3 + p*g + a*J - 5*3 + W*03 + (2w - £ + 20*? - 77*14 - 7/)*3 

+ (-w - 0*1 + (-V - ^)*3 (C50) 
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2 J t>*? 3 + 5*3 - 5*14 = A12 - 2A*^ + (2w - £ + 30*i3 + 2^*! + (4 7 - 47 - 2// - 3p)* ( 13 + (2w + 2£)#? 3 

+ (?J + V)*4 + (~2<E - 2a + 2t)*3 + <£* 3 - 3*4 + 2(7*3 - 2^*03 + (-27 - 6> + 30 - 0*14 - 20*3 + 0*3 

(C.51) 

- 5*J + <5*J + <5*? - 5*? = -A22 + (-f + C)*o + K - C)*o + (2p - 20*2 + (2r? - 2<0* 13 + (-2ij + 2V)*i 3 
+ (25 - 2a)*J + (-2<£ + 2a)*J - 5*i + (2/x - 2p)*i + 2a*?3 - 3*2 + <E*i + 3*2 - 2(7* ( 1 J 3 + (jj + -0)*?3 

+ (-77 - V)*L + 0*03 + (0 + § + 2v + w)*? + (-0 - - v - 20*? - 0*03 (C.52) 

- + <j* 13 + 25*? 3 + 5*? 3 = -A020 - A22 + 2« *2 + (0 - 9 + 2v + v)*} 3 + 0*i 3 + (-// + 2p - p)*} - A*J 

+ p*l + (-25 + 4Q - 4 / 8)*? 3 - <E* 2 - <£*2 + (61 - 5 + 2v + 0*13 + 0*? 3 + (2p - p - 3)*3 - (7*3 + 3*3 

+ (-2f + 0*03 + (€ - 20*? + (»j - 2V0*i4 + (-27? + V)*s + (C + 0*? + (r? + V)*§ (C53) 

- £>*^ - 2D*^ + J*^ + <5*3 = Aio ~ Ail + 2p*2 + (w - 0*is + (w - 0*i3 - ^ *1 - **1 + P*2 + P*2 
+ (w + 20*? 3 + (w + 20*? 3 + (-2X - 0*2 + (-2X - 0*4 + (2tt - 0*3 + (2tt - 0*3 + 5*3 + «*3 

+ (4e + 4e + 2 5 )*§ + ^*? + (2h + ? - 9 - 0)*i + ^*? + (2h + t - - 0)*i (C.54) 

- 5*3- + <5*J + jtf § - 5*^ = -A Ia5 + (-2/X + 2A)*2 + (1+ 0*13 + (-5 - 0*13 + 2A*?3 + p* 2 - p* 2 - 2A*? 3 
+ (-2f + 20*?s + (2? - 20*?s + (fj - 4>)^l + (-7? + 0)*2 + (25 + 2/5)*^ + (-2<se - 2/3)*3 - «*3 + <£*3 

+ (-2p + 20*3 + 0*i4 + (-0 - 9 + 2v + 0*3 + (0 + 8 - v - 20*1 - 0*w (C.55) 

5*2 - 5*? 3 + M? = Aio + A20 - " *o + (7 - 0*° + (« + 20*1 3 + (-w - 0*1 + w*l + (w - f + 2C)*i + ^*? 

+ 0*? 3 + (7 + 0*2 + (* - a + B ~ 0*?3 + V>*3 - ?)*3 + 2J?*3 - A*(,3 + (2/9 - 3 )*3 + ( 7 + 7 - Ji - p)*? 



- Ml - m\ + Ml = -Aio - A12 + (2/i + P)*2 + (C + 0*ls + (w - C)*i3 - ^*1 - P*l + 2A*?3 + p*2 

+ (W - 2f + 20*? 3 + ^*?3 - ^*4 - >7*4 + (<* + 2/8 - f )*3 + (-« - 0*3 + «*3 + (~2p + 3)*3 + ^*? + 0*14 

+ (t - 6 - 9 + 2v)^l + ^*? + (t - v)*^ (C.57) 

<5*^ + £>*J + 25*!^ = -A12 - 2^*° - ^*L - 2i^*? 3 + 2^*? 3 + 20*1^ + (7 - 36* - 9 + 2v)<fl - 2A*g 

+ (-2 7 - 2j2 - p)*J - p* 3 + (-35; - 4a - 4^ + 2f )*° - (£*4 + (w - 2f + 30*3 + (-2w - 20*3 + (-w + C)*i4 



(C.56) 



(C.58) 
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